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Abstract. Lotka-Volterra competition model has been applied in many areas, including in biological systems and market-

share competition in economics. In this paper, we study a modified version of the two-species competition model where 

the growth of the first population follows the exponential growth model. The modified model has three equilibria namely 

the extinction equilibrium, the coexistence equilibrium, and the extinction of first population equilibrium. We found that 

the extinction equilibrium and the coexistence equilibrium are unstable. We also found that the extinction of the first 

population is conditionally asymptotically stable. Furthermore, we estimated parameters of the modified model from 

competition data of two Paramecium species, where the data cited from literature. 

Keywords: competition model, equilibrium stability, Paramecium competition. 

INTRODUCTION 

Organisms live in an ecological community, a collection of populations of at least two different species that 

directly and indirectly interact in a particular geographical area [1]. There are several classes of interactions between 

organisms found in many habitats and ecosystems. Ecological interactions can be divided into two types of 

interactions, namely intraspecific interactions and interspecific interactions. Intraspecific interactions are interactions 

between individuals of the same species, whereas interactions that occur between two or more species are called 

interspecific interactions. Interspecific interactions include competition, predation, herbivory, and symbiosis [2]. 

In ecology, interspecific competition is a form of competition in which individuals from different species 

compete to obtain the same resources in an ecosystem. Competition is an interaction of individuals who compete to 

obtain shared resources where the availability of these resources is limited. Competition can also be defined as a direct 

or indirect interaction of organisms that leads to changes in fitness when organisms share the same resources. The 

impact of competition usually produces negative effects on weaker species [2]. One example of competition is the 

competition of leopards and lions in hunting for prey. Interspecific competition also occurs when several plant species 

absorb nutrients from the soil. If natural resources cannot support both populations, this can reduce the growth and 

survival of a population. The result is the extinction of the population in an ecosystem. The interspecific competition 

in populations has been formulated into a mathematical model, called the Lotka-Volterra competition model. The 

Lotka-Volterra competition model which describes competition of two different species is given by [3, 4]:  

 
𝑑𝑧1

𝑑𝑡
= 𝑟1𝑧1 (1 −

𝑧1

𝐾1
) − 𝑏1𝑧1𝑧2 (1) 

 
𝑑𝑧2

𝑑𝑡
= 𝑟2𝑧2 (1 −

𝑧2

𝐾2
) − 𝑏2𝑧1𝑧2 (2) 

Here 𝑧1(𝑡), 𝑧2(𝑡) are number of first species and second species respectively. Parameters r1, r2  are the growth rate, 

while 𝐾1, 𝐾2 are carrying capacity parameters of first and second species respectively. Hence the reduction rate of first 

species and second species due to interspecific competition are represented by 𝑏1, 𝑏2 parameters respectively. 
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Many researchers applied the Lotka-Volterra competition model to describe competition in social sciences. 

Lee et al. used the model to describe competition of the Korean stock market [5]. Hung et al. described retail industry 

competition in Taiwan by using the Lotka-Volterra model [6]. Hung et al. also employed the model to explain retailing 

formats competition [7]. Recently Fatmawati et al. apllied the competition model to describe competition between 

commercial banks and rural banks in Indonesia [8]. However in some real cases, either parameter 𝐾1 or 𝐾2 in the 

model indicate to has infinite value. Here we propose a modification of the competition mathematical model as 

presented in eqs. (1)-(2). 

A MODIFICATION OF LOTKA-VOLTERRA COMPETITION MODEL 

The modification of competition mathematical model uses the following assumptions: 

(1) There are only two different species compete some natural resources in an ecosystem. 

(2) There is no species migration in the system. 

(3) Growth of the first species follows the exponential growth, while second species growth follows the logistic 

growth. 

(4) Reduction rates of both species due to interspecific competition are assumed to be constant. 

From the assumptions, we proposed the following modification model of interspecific competition between two 

different species:  

 
𝑑𝑧1

𝑑𝑡
= 𝑟1𝑧1 − 𝑏1𝑧1𝑧2 (3) 

 
𝑑𝑧2

𝑑𝑡
= 𝑟2𝑧2 (1 −

𝑧2

𝐾2
) − 𝑏2𝑧1𝑧2 (4) 

The proposed model in eqs. (3)-(4) has three equilibria, namely the extinction equilibrium (P1), the coexistence 

equilibrium (P2) and the extinction of first population equilibrium (P3). Equilibria of the proposed model are given 

by: 

𝑃1(𝑧1, 𝑧2) = (0,0), 

𝑃2(𝑧1, 𝑧2) = (
𝑟2

𝑏2𝑏1𝐾2

(𝑏1𝐾2 − 𝑟1),
𝑟1
𝑏1

), 

𝑃3(𝑧1, 𝑧2) = (0, 𝐾2), 
 

respectively. The extinction equilibrium and the extinction of first population equilibrium are always exist, while the 

coexistence equilibrium P2 exists if 𝑟1 < 𝑏1𝐾2 (the growth rate of first population is lower than its removal rate due 

to competition). Jacobian matrix of the proposed model in eqs. (3)-(4) is given by 

 𝐽 = [
𝑟1 − 𝑏1𝑧2 −𝑏1𝑧1

−𝑏2𝑧2 𝑟2 − 2𝑟2
𝑧2

𝐾2
− 𝑏2𝑧1

]. (5) 

 

Theorem 1 gives instability of the extinction equilibrium.  

Theorem 1.  The extinction equilibrium 𝑃1 is unconditionally unstable. 

Proof. The Jacobian matrix of the proposed model evaluated at the extinction equilibrium is given by 

𝐽(𝑃1) = [
𝑟1 0
0 𝑟2

]. 

Eigenvalues of 𝐽(𝑃1) are 𝜆1 = 𝑟1, 𝜆2 = 𝑟2. Hence 𝜆1, 𝜆2 > 0. Therefore, the extinction equilibrium 𝑃1 is 

unconditionally unstable. ∎ 

Theorem 2 gives instability of the coexistence equilibrium.  

Theorem 2.  The coexistence equilibrium 𝑃2 is unconditionally unstable. 

Proof. The coexistence equilibrium 𝑃2 exists if r1 < b1K2. Hence we may assume r1 < b1K2. The Jacobian matrix 

of the proposed model evaluated at the coexistence equilibrium is given by 

𝐽(𝑃2) =

[
 
 
 0 −

𝑟2
𝑏2𝐾2

(𝑏1𝐾2 − 𝑟1)

−
𝑟1𝑏2

𝑏1

−
𝑟1𝑟2
𝑏1𝐾2 ]

 
 
 

. 
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Eigenvalues of 𝐽(𝑃2) are satisfy the following characteristic equation 

𝜆2 +
𝑟1𝑟2
𝑏1𝐾2

𝜆 −
𝑟2
𝐾2

𝑟1
𝑏1

(𝑏1𝐾2 − 𝑟1) = 0. 

Since −
𝑟2

𝐾2

𝑟1

𝑏1
(𝑏1𝐾2 − 𝑟1) < 0 then one of the eigenvalue of 𝐽(𝑃2) is positive. Hence the coexistence equilibrium is 

unconditionally unstable. ∎ 

Theorem 3 gives stability of the extinction of first species equilibrium.  

Theorem 3.  The extinction of first species equilibrium 𝑃3 is asymptotically stable if r1 < b1K2.  
Proof. Let r1 < b1K2.  The Jacobian matrix of the proposed model evaluated at the extinction of first species 

equilibrium is given by 

𝐽(𝑃3) = [
r1 − b1K2 0
− b2K2 −𝑟2

]. 

Eigenvalues of 𝐽(𝑃3) are 𝜆1 = 𝑟1 − b1K2, 𝜆2 = −𝑟2. Since 𝜆1, 𝜆2 < 0 then the extinction of first species is 

asymptotically stable. ∎ 

APPLICATION OF THE MODIFIED COMPETITION MODEL 

In this section, we apply the proposed model to describe interspecific competition between Paramecium 

caudatum and Paramecium aurelia species, two kind of Protozoa species. In 1934, Gause conducted some 

experiments to describe competition between two Protozoa species. The experimental data from Gause is shown in 

the Table 1. Data in the Table 1 is cited from literature [4]. 

TABLE 1. Paramecium caudatum and Paramecium aurelia data (number of individual/cc) [4] 

Time 

(days) 
Paramecium 

caudatum (z1) 

Paramecium 

aurelia (z2) 

Time 

(days) 
Paramecium 

caudatum (z1) 

Paramecium 

aurelia (z2) 

0 2 2 9 15 150 

1 8 4 10 12 175 

2 20 29 11 9 260 

3 25 66 12 12 276 

4 24 141 13 6 285 

5 - 162 14 9 225 

6 - 219 15 3 222 

7 - 153 16 0 220 

8 21 162    

 
Here we estimate parameters of the proposed model by using Firefly algorithm. We estimate the parameters 

such that the mean square error (MSE)  

𝑀𝑆𝐸 = 
1

𝑛1 + 𝑛2

(∑(𝑧1𝑖 − 𝑧1�̂�)
2

𝑛1

𝑖=1

+ ∑(𝑧2𝑖 − 𝑧2�̂�)
2

𝑛2

𝑖=1

) 

is minimum. Here 𝑛1, 𝑛2 are number of observation data of Paramecium caudatum and Paramecium aurelia 

respectively. We estimate the parameter values by using Firefly algorithm from 20 trials. The algorithm is stopped 

after 100 iterations. Statistics of the MSE and the best results from the firefly algorithm are presented in the Table 2 

and Table 3 respectively. 

TABLE 2. Statistics of the MSE 

Statistics of MSE  MSE 

Minimum (The best result) 488.0929 

Maximum  488.1176 

Mean 488.1003 

Standard deviation      0.0061 

 

TABLE 3. Best parameters from Firefly algorithm 

𝑟1 𝑏1 𝑟2 𝑏2 𝐾2 MSE  

1.0346 0.00697 1.58997 0.01583 250.96 488.0929 
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By using parameters from the Table 3, we perform numerical simulation of the proposed model. In the Figure 1 and 

Figure 2, we present the simulation results.  

 
FIGURE 1. Dynamics of Paramecium caudatum 

 

 

 
FIGURE 2. Dynamics of Paramecium aurelia 

 

From numerical simulation results, we found that Paramecium caudatum species dies, while Paramecium aurelia 

exist. This predicted results are in agreement with the data. We also found that the results from the model do not 

significantly differ with the data. This indicates the proposed model could be used to describe interspecific competition 

between Paramecium caudatum species and Paramecium aurelia species. 
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CONCLUSIONS 

We have proposed a modification of the Lotka-Volterra competition model. We also apply the proposed model to 

describe Paramecium caudatum and Paramecium aurelia competition, where the data is cited from literature. 

Simulation results from the model are in agreement with the data. This results indicates that the proposed model can 

be used as an alternative model to describe interspecific competition between two different species. 
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SJR

The SJR is a size-independent prestige indicator that
ranks journals by their 'average prestige per article'. It is
based on the idea that 'all citations are not created
equal'. SJR is a measure of scienti�c in�uence of
journals that accounts for both the number of citations
received by a journal and the importance or prestige of
the journals where such citations come from It
measures the scienti�c in�uence of the average article
in a journal it expresses how central to the global

Total Documents

Evolution of the number of published documents. All
types of documents are considered, including citable
and non citable documents.

Year Documents
2000 234
2001 292
2002 0
2003 598

Citations per document

This indicator counts the number of citations received by
documents from a journal and divides them by the total
number of documents published in that journal. The
chart shows the evolution of the average number of
times documents published in a journal in the past two,
three and four years have been cited in the current year.
The two years line is equivalent to journal impact factor
™ (Thomson Reuters) metric.

Total Cites Self-Cites

Evolution of the total number of citations and journal's
self-citations received by a journal's published
documents during the three previous years.
Journal Self-citation is de�ned as the number of citation
from a journal citing article to articles published by the
same journal.
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Metrics based on Scopus® data as of April 2021

Dr Kumutha D 2 weeks ago

Dear Sir,

Greetings!!!!

 

What is the Q value? Because, in our institution Q1, Q2, Q3 is very much necessary...

Through conference i planned to submit a paper... Please let me know

 

Thanks

Cites per document Year Value
Cites / Doc. (4 years) 2000 0.000
Cites / Doc. (4 years) 2001 0.274
Cites / Doc. (4 years) 2002 0.169
Cites / Doc. (4 years) 2003 0.179
Cites / Doc. (4 years) 2004 0.227
Cites / Doc. (4 years) 2005 0.285
Cites / Doc. (4 years) 2006 0.251
Cites / Doc. (4 years) 2007 0.209
Cites / Doc. (4 years) 2008 0.197
Cites / Doc. (4 years) 2009 0.195

External Cites per Doc Cites per Doc

Evolution of the number of total citation per document
and external citation per document (i.e. journal self-
citations removed) received by a journal's published
documents during the three previous years. External
citations are calculated by subtracting the number of
self-citations from the total number of citations received
by the journal’s documents.

Cit Y V l

% International Collaboration

International Collaboration accounts for the articles that
have been produced by researchers from several
countries. The chart shows the ratio of a journal's
documents signed by researchers from more than one
country; that is including more than one country address.

Year International Collaboration
2000 21.79
2001 19 18

Citable documents Non-citable documents

Not every article in a journal is considered primary
research and therefore "citable", this chart shows the
ratio of a journal's articles including substantial research
(research articles, conference papers and reviews) in
three year windows vs. those documents other than
research articles, reviews and conference papers.

Documents Year Value
N it bl d t 2000 0

Cited documents Uncited documents

Ratio of a journal's items, grouped in three years
windows, that have been cited at least once vs. those
not cited during the following year.

Documents Year Value
Uncited documents 2000 0
Uncited documents 2001 201
Uncited documents 2002 469
Uncited documents 2003 459
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reply

Fathi awad 4 weeks ago

Hi

I am asking about the Q factor for AIP proceedings.

 

Thank you very much

 

 

reply

Ghazwan Jreou 2 months ago

Dear sir

respects

would you please let me know in which Q is your journal (conferences and proceeding) classi�ed?

according to Scopus Q classi�cation list .

with regards.

reply

ASHOK KUMAR K 4 months ago

As per the information in SJR portal the coverage period for AIP conference proceedings is up to

2020. I want to know whether the period of validity or coverage gets extended or not? If gets

Melanie Ortiz 2 weeks ago

Dear Dr Kumutha,

Thank you for contacting us. Please see comments below.

Best regards, SCImago Team

M
SCImago Team

F

Melanie Ortiz 3 weeks ago

Dear Fathi,

Thank you for contacting us. Please see comments below.

Best Regards, SCImago Team

M
SCImago Team

G

Melanie Ortiz 2 months ago

Dear Ghazwan,

Thank you for contacting us. We calculate the SJR data for all the publication’s types, but

the Quartile’s data are only calculated for Journals and Book Series. 

Best regards, SCImago Team

M
SCImago Team

A



extended when can we see those updates in the SJR portal?

reply

Kay 7 months ago

My university is going to organise a conference in social science on 27-28 Oct 2021. We would like

to publish our conference papers in your proceeding as our o�cial proceeding. What are the

procedures and publication fees?

 

Regards.

reply

Ruslan 8 months ago

I have published articles on AIP, but until now I have not received con�rmation for my Scopus ID,

please explain. thank you

reply

Melanie Ortiz 4 months ago

Dear Ashok,

Thank you very much for your comment.

All the metadata have been provided by Scopus /Elsevier in their last update sent to

SCImago, including the Coverage's period data. The SJR for 2019 was released on 11

June 2020. Therefore, the indicators for 2020 will be available in June 2021.

We suggest you consult the Scopus database directly to see the current index status as

SJR is a static image of Scopus, which is changing every day.

Best Regards, SCImago Team

M
SCImago Team

K

Melanie Ortiz 7 months ago

Dear Kay,

thank you for contacting us.

We are sorry to tell you that SCImago Journal & Country Rank is not a publication. SJR is a

portal with scientometric indicators of journals indexed in Elsevier/Scopus. 

Unfortunately, we cannot help you with your request, we suggest you visit the homepage

or contact the editorial staff , so they could inform you more deeply. 

Best Regards, SCImago Team

M
SCImago Team

R

Melanie Ortiz 8 months ago

Dear Ruslan, 

thank you very much for your comment, unfortunately we cannot help you with your

request. We suggest you contact Scopus support:

M
SCImago Team



Vikas 11 months ago

currently, the journal is not assigned quartile (Q indexing). When we can expect the assignment.

reply

Siddik 1 year ago

This will come under scopus journal list?

reply

Hassan Yassein 1 year ago

ISSN of this journal different of ISSN in Scopus, although the data of 

SJR depends on the scopes

reply

https://service.elsevier.com/app/answers/detail/a_id/14883/kw/scimago/supporthub/scopus/

Best Regards, SCImago Team

V

Melanie Ortiz 11 months ago

Dear Vikas,

Thank you for contacting us. We calculate the SJR data for all the publication’s types, but

the Quartile’s data are only calculated for Journals and Book Series. 

Best regards, SCImago Team

M
SCImago Team

S

Melanie Ortiz 1 year ago

Dear Siddik, 

Thank you very much for your comment.

All the metadata have been provided by Scopus /Elsevier in their last update sent to

SCImago, including the Coverage's period data. The SJR for 2019 was updated on June

2020, 11. We suggest you consult the Scopus database directly to see the current index

status as SJR is a static image of Scopus, which is changing every day.

Best Regards, SCImago Team

M
SCImago Team

H

Melanie Ortiz 1 year ago

Dear Hassan,

Thank you for contacting us.

SJR is a portal with scientometric indicators of journals indexed in Scopus. All the data

(Title, ISSN, etc.) have been provided by Scopus /Elsevier and SCImago doesn´t have the

authority over this data which are property of Scopus/Elsevier. SCImago has a signed

M
SCImago Team



Khairil 1 year ago

Is this proceeding ranked Q4?

reply

ali mohammed 1 year ago

why this journal dont have any rank yet ?

it is dont belong to Q1,2,3,4 ?

reply

Akshya Sekar 1 year ago

Hi mam/sir,

I want to know whether this AIP conference proceeding is indexed in SCI or not?

 

Thanks

reply

agreement that limits our performance to the generation of scientometric indicators

derived from the metadata sent in the last update (April/May 2020).

 

The next SCImago update will be made throughout June 2020 with the new update sent

by Scopus. We suggest you wait for that date in order to see if there are any changes

regarding this matter.

 

Best Regards, SCImago Team

K

A

Melanie Ortiz 1 year ago

Dear Ali,

Thank you for contacting us. We calculate the SJR data for all the publication types, but

the Quartile data are only calculated for Journal type's publications. Best regards,

SCImago Team

M
SCImago Team

A

Melanie Ortiz 1 year ago

Dear Akshya,

Thank you for contacting us. SJR is a portal with scientometric indicators of journals

indexed in Elsevier/Scopus. Unfortunately, we cannot help you with your request referring

the index status. We suggest you to consult Scopus database (see the current status of

the journal) or other databases (like WoS). Best Regards, SCImago Team

M
SCImago Team



Khairil 2 years ago

Your IP (036.071.233.236) is blocked.

Block Reason: This IP was identi�ed as in�ltrated and is being used by sci-hub as a proxy. 

 

How to unblock this my IP for acess AIP site?

 

thanks

reply

Duha Ahmed 2 years ago

dear Admin 

about the AIP Conference Proceeding can you see the Scopus site because the date end to 2019 

is there any update about this time or change it to 2020 in the near future and you will see it in the

site of Scopus

https://www.scopus.com/sourceid/26916

 

 

 

I hope the AIP Conference Proceeding is still in the Scopus for 2020

with my best wishes 

Miss Duha

reply

mohammed 2 years ago

Is the ( AIP Conference Proceeding ) out of Scopes because I tried to search for it in Scopes and I

did not �nd it

Please answer me 

reply

K

Melanie Ortiz 2 years ago

Dear Khairil,

thank you for contacting us.

Sorry to tell you that SCImago Journal & Country Rank is not a journal. SJR is a portal with

scientometric indicators of journals indexed in Elsevier/Scopus. 

Unfortunately, we cannot help you with your request, we suggest you to contact the

journal’s editorial staff by e-mail. Best Regards, SCImago Team

M
SCImago Team

D

Melanie Ortiz 2 years ago

Dear Duha, 

 

Thank you for contacting us.Unfortunately, we cannot see what will happen in the future

with this journal. Best Regards, SCImago Team

M
SCImago Team

M



Thanh Quang Khai Lam 2 years ago

Dear Elena Corera!

Can you tell me "Lecture notes in civil engineering" in Q4?

i don't see in Scimago.

Thank you

reply

Teo Jin Chuan 2 years ago

Dear Admin,

 

Can i know is this journal Q1,Q2,Q3 or Q4. Thank you.

 

Regards

reply

Hassan Abdulhadi 3 years ago

I ASKE ABOUT AIP CONFERENCE PROCEEDINGS WITHIN SCOPUS OR THOMSON REUTERS

WITH BEST WISHES

reply

Melanie Ortiz 2 years ago

Dear Mohammed,

 

thank you for contacting us. You can �nd it in Scopus:

https://www.scopus.com/sourceid/26916

 

Best Regards, SCImago Team

M
SCImago Team

T

Melanie Ortiz 2 years ago

Dear Thanh,

Thank you for contacting us. We calculate the SJR data for all the publication types, but

the Quartile data are only calculated for Journal type's publications. Best regards,

SCImago Team

M
SCImago Team

T

Melanie Ortiz 2 years ago

Dear Teo, thank you very much for your request. You can consult that information in SJR

website. Best Regards, SCImago Team

M
SCImago Team

H



Hassan Abdulhadi 3 years ago

I ASKE ABOUT AIP CONFERENCE PROCEEDINGS WITHIN SCOPUS OR THOMSON REUTERS

WITH BEST WISHES

Tarik 3 years ago

Dear. Elena 

Hi

 

Please can we concedar AIP conference proceeding as journal .What i mean ,the publication type

could be 

journal of AIP conference proceedings .

 

 

Best regards 

 

TArik AlOmran

reply

Dunia 3 years ago

dear 

did the AIP conference (TMREES 18)have Thomson roeters or scopus or SJR Rank or not?

reply

H

Elena Corera 3 years ago

Dear Hassan,

 

thank you for your request, all the journals included in SJR are indexed in Scopus. Elsevier

/ Scopus is our data provider. 

 

Best Regards, 

SCImago Team

E
SCImago Team

T

Elena Corera 3 years ago

Dear Tarik,

 

thank you very much for your comment. Unfortunately, we cannot help you with your

request, we suggest you contact journal’s editorial staff so they could inform you more

deeply. You can �nd contact information in SJR website https://www.scimagojr.com

 

Best regards,

SCImago Team

E
SCImago Team

D



Budi Adiperdana 3 years ago

Dear Admin,

 

Could you please add the Quartile Rank for AIP Conference Proceedings

 

Best regards,

Budi

reply

Leave a comment
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Email
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Submit

reCAPTCHA
I'm not a robot

Privacy  - Terms

Elena Corera 3 years ago

Dear Dunia,

 

thank you very much for your comment. SCImago Journal & Country Ranks shows all the

journal's vailable information in Open Access If you do not locate the journal in the search

engine, Scopus / Elsevier has not provided us those data. 

 

Best Regards, 

SCImago Tea

E
SCImago Team

B

Elena Corera 3 years ago

Dear Budi, for Conferences and Proceedings the SJR is not calculated. Best Regards,

SCImago Team

E
SCImago Team

https://www.google.com/intl/en/policies/privacy/
https://www.google.com/intl/en/policies/terms/


The users of Scimago Journal & Country Rank have the possibility to dialogue through comments linked to a

speci�c journal. The purpose is to have a forum in which general doubts about the processes of publication in the

journal, experiences and other issues derived from the publication of papers are resolved. For topics on particular

articles, maintain the dialogue through the usual channels with your editor.
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