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real case problem.

The present paper investigate the dynamics of the bank data through a competition model with real
field data for the year 2004-2014. Initially, we formulate a competition model for the bank data and
then use different fractional approaches to simulate the model with the real data for many fractional
order parameters «. Then, we present a novel approach for each fractional model and provide a graphical
illustration with real data. We show that all these fractional approaches have good resemblance to each
other and can be used to model such real data case. We prove in general that the results of the fractional
approaches utilized here are good for modeling purpose but also we prove the results of the fractional
Atangana-Baleanu operator is more accurate and flexible and can be used confidently to modeled such

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Mathematical models are not only used to describe the dynam-
ics of the physical and biological sciences but also used to mod-
eled the phenomenon of other sciences areas. The uses of mathe-
matical models in bank and finance is also a strong growing area
of research nowadays for researchers and scientists. Bank are the
business places that collect funds from the individuals of a particle
area or region and then utilize these funds on public in different
activities in order to facilitate the people and improve their life
style [1]. The banks are only used to store the funds and lend to
the people but also used a useful tool to stabilized the host coun-
try and encourage the national economic growth rate. There are
some type of banks in particularly the rural and commercial banks
are used for such activities of economic growth. The commercial
bank is such type of bank that carries the business activities thats
based on Syariah Principles which their activities provide services
in payment traffic. The providing banking services its activities can
be conventional but it can also be islamic based principles, some
of them uses both the principles [1]. The aim of the commercial

* Corresponding author.
E-mail addresses: altafdir@gmail.com, makhan@cusit.edu.pk (M.A. Khan).

https://doi.org/10.1016/j.chaos.2019.07.025
0960-0779/© 2019 Elsevier Ltd. All rights reserved.

bank is to help the implementation of national development and
provide stability to the economic growth and to the public [2].

According to the Act No. 10 of 1998 the rural bank is defined to
be that a bank conducting such business activities that are based
on Syariah principles or conventionally where their services in-
cludes not to provide in payment traffic. In comparison of the
commercial banks the business activities of the rural banks are
comparatively have less business activities that collecting only the
funds from the public on time deposits savings, credit, and place
funds in the form of Bank Indonesia Certificates while the rural
banks are not accepting funds in the shape of demands deposits
and participate in payment trafficc making business activities in
foreign currency, conduct equity participation and business insur-
ance [3].

The Indonesian banking statistics shows that the rural banks are
more in number than that of commercial banks in the country, the
reason is that the commercial banks have more activities while the
rural have less, and the profit of the rural banks is less than that
of the commercial banks. The rural banks have less profit than that
of commercial banks and still to improve their products and activ-
ities [4]. It should be noted that the products of both the banks
have not a such big difference and there may be a competition of
costumers to get.

Due to such possible competition of rural and commercial
banks in Indonesia one can used their dynamical behavior through
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a competition model of Lotka Volterra type and was introduced in
1920 by Alfred ]. Lotka and Vito Volterra. This model composed of
two equations that describes to compete for food items. This model
generalize the logistics model and can be used to modeled such
competition between two species in order to predict their outcome
efficiently [5]. This Lotka Volterra type model have been utilized
recently by many researchers [6-11]. For example the Korean mo-
bile compony data has been studied in [6] through competition
model. A competition model is used as a technological substitu-
tion model in [7]. Similarly, the Korean stock market, dynamics of
the markets, modeling and policy implications and banking system
have been studied respectively in [8-11]. Recently, a competition
model for the bank data has been studied in [12].

The above mathematical models that describes various phe-
nomenon of real life situation has been studied in integer order
case except [12]. Sometimes it is not be the case that the in-
teger order model can best describes the dynamics of a parti-
cle phenomenon then the people rely on fractional calculus to
better understand their behavior. Fractional calculus got a lot
of attention from the scientists and researchers when the re-
searchers developed some new fractional operators and thus dif-
ferent mathematical models in science and engineering have been
proposed to analyzed the suitability of the fractional operators. The
fractional operators that are using the researchers nowadays are
the Caputo, Caputo-Fabrizio and the Atangana-Baleanu. Atangana-
Baleanu overcome the limitations of Caputo and Caputo-Fabrizio
derivative where the kernel was singular and may not have been
properly addressed the real world problems. It should be noted
that all these operators and many other are used by the re-
searchers to formulate and compared their model with real data
to best describe the model and to obtain reasonable parameter
estimation [13-21]. All these results describes in the references
were effectively used to study different type of models. Some re-
cent fractional mathematical models and their application to differ-
ent area of science and engineering have been proposed [22-26].
For instant, the authors in [22] considered a mathematical model
with experimental data and obtained the model results in the case
of arbitrary derivative. A new approach in fractional calculus as a
fractal derivative applied to some chaotic models is proposed in
[23]. A real data of dengue epidemic with fractional approach is
considered in [24], where the authors used various fractional ap-
proaches to determine the suitability of fractional derivative to the
field data. A new advancement in fractional calculus as a fractal-
fractional and their application to a dynamical system is studied
in [25]. A mathematical model for ground water problem is con-
sidered in fractional calculus is proposed in [26]. More recently, a
fractional model for the bank data in the framework of Atangana-
Baleanu and Caputo derivative is presented in [12]. This paper gen-
eralized the work in [12] by using another CF operators and then
used the model parameters estimation by using the least square
curve fitting. Also, in this updated paper we not only used the Ca-
puto, CF and AB derivative but also used their fractional param-
eter model in the sense of Caputo, CF and AB and compare the
results with real data. Most recently, some authors used the real
data of different nature and obtained the results by using the frac-
tional calculus [25,27-30]. For example, a comparative study with
real data in the framework of fractional calculus is explored in [27].
The authors in [28] describes the chickenpox disease with real data
application in fractional calculus. The dengue outbreak in the frac-
tional modeling have been proposed in [25]. An fractional epidemic
model with two strain is studied in [29] with real data. A real ap-
plication of fractional derivatives to the blood ethanol concentra-
tion is studied in [30].

The above mentioned articles that were proposed by the au-
thors shows the significance of the fractional calculus and their
suitability to problems of science and engineering. The results of

these papers inspired us to formulated and analyze a real data
study of bank data in various fractional approaches for the year
2004-2014. We presented details literature related to the proposed
study and also a presented a waste literature on fractional calculus
and their application. The rest of the work to the proposed study is
partitioned is as follows: Some related fractional calculus related to
our study is given in section 2. Model description and their detail
analysis is shown in section 3. The application of various fractional
approaches to the model is considered in Section 4. A comparison
of the fractional operators for different value of « is shown in sec-
tion 5. Section 6 summarize the fractional approaches used for the
real data comparison of bank data.

2. Basics of fractional calculus

The present section recall the fractional derivatives and
definitions and related results that will be used later in our
fractional bank data studies. We basically, provide here three
useful and widely used fractional operators that is Here, we recall
Caputo, Caputo-Fabrizio, and the Atangana-Baleanu derivative
[14,20,31,32].

Definition 1. Let a function w:R* — R with fractional order
o > 0, then one can define the fractional integral of order o >0 is
as follows:

12 (w(t)) = ﬁ /0 (t =) W)y,

here I" describes the Gamma function and « shows the fractional
order parameter.

Definition 2. The Caputo derivative for the given function we ("
with order « is described is as follows:

1w
T—a) Jo T=pre iV

and n—1 <o < n e N. Clearly, CD?‘ (w(t)) tends to w/(t) as o — 1.

D¥(w(t)) = I"*D*w(t) =

Definition 3. Suppose weH!(p, q), with g>p, and 0 <« <1, then
the definition of Caputo-Fabrizio derivative is follows as:

Pa) [t t—y

o _ / _

D w(0) = ot [ W exp| - o i1 Jav, (1)
where P(«) denote the normalized function and holds P(0) =
P(1) = 1. If wgH!(p, q) then, the following is suggested:

t —
P [ o) - wi exp| ~a 2

DX (w(t)) = ]dv/. (2)

Let v =12% €[0,00), @ = 15 €[0,1]. then equation given by

(2) can be expressed is as follows,

pwen = P [wapes - S Jav,

P(0) = P(c0) = 1. 3)
Further,
tim Lo - V]2 gy 0 (4)

Definition 4. Consider « <(0, 1), for a function w(vr) then we can
write the integral of fractional order « is as follows,
2(1 — ) 2a t
I (w(t =7t+7/w dyr,
FWO) = 5@t G @), YO
t>0. (5)

Remark 1. In Eq. (4), the remainder of the Caputo type non-
integer order integral of the function with order a (0, 1) is a
mean into w with integral of order 1. Thus, it requires,

2

2P () —aP(a) L (6)
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implies that P(a) = 5%, a<(0, 1). Based on Eq. (6), a new Ca-
puto derivative is suggested with « €(0, 1) and is given by

v

t _
D w(e) = 1 [ weoexn[ o i Jav. ™

Definition 5. Consider we H!(p, q), where q greater than p, and
0<a <1, then we define the Atangana-Baleanu derivative in the
following:

t

Dw©) = 10 [ w0 Jay. ®)

- a
Definition 6. The fractional integral for the Atangana-Baleanu
derivative is expressed as follows:

1-

ABCIot t) = t [ t— o— 1d 9
PUWO) = SO+ B [ T ¥dy. )

One can restore the original function for the case when o = 0.

Some results regarding the Atangana-Baleanu derivative is pre-
sented in the following:

Theorem 1. [20]. The following is hold for a function fe Cla, b]:

7’(0l)

%Dz W)l < =2 Iw®ll,

where |[w(t)| = maxpstsq|w(t)|~ (10)

The Lipschitz condition is satisfied by the Atangana-Beleanu deriva-
tive,

2% DEwi (t) — 25 Dfwa (D) || < @1 [|wa (£) —wa (£)]]. (11)
Theorem 2. A fractional differential is given by the following equa-
tion,

PDEw() =W (D). (12)

possess a unique solution given by

wit) = ;>< )

3. Model framework

t
W)+ S / F(p)(t —y)* 'dy.  (13)

o
P()T (@)

The present section investigates the comparison of commercial
and rural banks in Indonesia through Lotka Volterra system. We

Table 1

use the least square curve fitting for each data set to the Lotka
Volterra model for best profit data for the period 2004-2014. The
Lotka Volterra model consists two classes namely, the profit gained
by the commercial bank (y;) and the profit gained by the rural
bank given by (y,). Some assumptions are under taken for model
formulations are given as follows:

o The growth of the population of banks assumed to be logisti-
cally,

o Both the banks that is the commercial and the rural have lim-
ited annual profit.

The above imposed assumptions leads to the following sys-
tem of ordinary differential equations that describes the dynamics
among commercial and rural banks in Indonesia:

d
% Y1 (1 - %:) — Biyiya.

d
% =12 <1 - )L) Bayry2. (14)

where r; and r, respectively denote the growth rate of the profit
for commercial and rural bank. The maximum profit for both the
banks that is the commercial and rural bank is respectively shown
by P; and P,. The parameters 8; and 8, are respectively show the
coefficients of commercial and rural bank. The unknown parame-
ters in the given model (14) are r;, P; and §; for i = 1,2 that to be
estimated through least square curve fitting and then by the frac-
tional operators such as the Caputo, Caputo-Fabrizio (CF) and the
Atangana-Baleanu (AB), we will provide some interesting illustra-
tions for data fitting with these operators and will show you which
will given the best fitting for the given model (14).

3.1. Parameter estimation

In this subsection we determine the unknown parameters val-
ues involved in the model (14) by using the method applied by
the authors in [16,33]. We use the real data of banking statistics of
Indonesia for the year 2004-2014 to estimate the parameters [4].
The data is derived from the Indonesian banks of rural and com-
mercials where we use the data is in annual profit to best deter-
mine the comparison of these two banks. Using the least square
curve fitting the parameters fitting to the commercial and rural
banks and obtained the parameters values given in Table 1. We

Parameters estimation for the rural and commercial banks in Indonesia for the year 2004-2014. (14).

Unknown Details

Value for commercial bank setting

r Growth rate of the profit of commercial bank 0.5 year—!

Py Maximum profit of commercial bank 40000 year!

B Coefficient of commercial bank 0.0080 year!

[P Growth rate of the profit of rural bank 0.200 year~!

P, Maximum profit of rural bank 7400 year!

B2 Coefficient of rural bank 6.0000e — 06 year—!

Unknown  Details

value for rural bank

Lo}

Growth rate of the profit of commercial bank

0.2317 year!

Py Maximum profit of commercial bank 3.3237e + 05 year~!
B Coefficient of commercial bank 0.8407 year—!

[P Growth rate of the profit of rural bank 0.7208 year~!

P, Maximum profit of rural bank 7.7873e + 03 year~!
B2 Coefficient of rural bank 0.0372 year~!
Unknown  Details value for both the banks
r Growth rate of the profit of commercial bank  0.13243 year~!

Py Maximum profit of commercial bank 447318.198 year~!
B Coefficient of commercial bank 5.6190 x 108 year~!
[P Growth rate of the profit of rural bank 0.19901year~!

P, Maximum profit of rural bank 7540.6219 year—!

B2

Coefficient of rural bank

2804 x 10~ 8 year~!
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Fig. 1. Model fitting versus rural and commercial bank data for the years 2004-2014, (a) commercial bank data, (b) rural bank data.

first of values given in Table 1 are used for comparison of commer-
cial bank and the fitting of the model versus real data is shown
in Fig. 1(a) where the second set of data obtained through least
square curve fitting to the rural bank versus model is shown in
Fig. 1(b). The third set of data is used for the rest of the simula-
tion results.

First, we write the given model in each operator in details in
the following section.

4. Bank model in different fractional operators

Here in this section, we investigate the model (14) in different
fractional operators. Initially, we generalize the model (14) in Ca-
puto operator and is given in the following subsection.
4.1. Caputo fractional model

The Caputo fractional model can be obtained by apply the defi-

nition of Caputo derivative and the model (14) leads to the follow-
ing system:

6D2y1 = 11y (1 - )1/7;) — Biy1ya.
Cpry, — 1-%2) 15
oDiy2 = 12y2 P, Bay1y2, (15)

and the model with fractional Caputo parameters is proposed as

SD%y1 = ¥y, (1 - I{%) — Biyiya.
1

6Df Y2 = 15y> (1 - I}%> — Boy1ya. (16)
2

In the following subsection, we provide a numerical solution to the

model (15).

4.2. Numerical solution with Caputo derivative

The present section investigates the numerical solution of the
model (15) and using the parameters values described in Table 1.
We use the FDE12 method for the solution of the Caputo model
described the system (15) and obtain the graphical results shown
in Figs. 2 and 3 and with their subgraphs. Fig. (2) shows different
approaches used for the numerical solution of the fractional model
versus real data fitting. In Fig. 2(a) we compare the real data versus
Caputo model for « =1 and then choosing o =1,0.98,0.96, 0.9

and shown the results. Further in 2(c) there were observed some
deviations of the fractional order o« = 0.98 versus real data. Also,
we give a comparison of the fractional Caputo parameter model
and obtained the result in Fig. 2(d) and the future prediction in
Fig. 2 (e). In Fig. 3 we used the long time level and presented
the dynamics of the Caputo model by using the value of the frac-
tional order parameter @ =1, 0.9,0.7,0.5,0.3,0.1. Thus the results
achieved through Caputo model is also valid and can be used for
data fitting.

4.3. Caputo-Fabrizio fractional model

The Caputo-Fabrizio fractional model can be obtained by ap-
ply the definition of Caputo-Fabrizio derivative and the model
(14) leads to the following system:

oDy =11y (1 - %) — Biy1y2.
o Dfy2 = r2y) (1 - %) = Bay1y2, (17)

and the Caputo-Fabrizio model with fractional parameter is given
by

FD2yy =¥y (1 - g%) — Biy1ya.
1

D2y, = 14y, (1 - %) — Bay1ya. (18)
2
Next, we investigate the numerical solution of the Caputo-Fabrizio
model 17-(18).

4.4. Numerical solution with Caputo-Fabrizio derivative

The present section investigates the numerical solution of the
model (17) and using the parameters values described in Table 1.
The fraction model of bank data described in system of Caputo-
Fabrizio form (17) is used to present a novel numerical approach
that is described in [34]. After the implementation of this scheme,
we then use it for the numerical solution of the model (17) with
many graphical illustrations. Initially, for numerical approach im-
plementation of the fractional model (17), we write it in the form
of fractional Volterra type and then applying the fundamental the-
orem of integration. So, we start the numerical scheme for the first
equation of (17) with the application of the fundamental theorem
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Fig. 2. Model fitting versus rural bank data for the years 2004-2014. (a) real data versus Caputo derivative, (b) real data versus Caputo derivative, o« = 1,0.98,0.96, (c) real
data versus Caputo fractional parameter model, & = 1,0.98,0.96, 0.9, (d) Comparison of Caputo fractional versus data for « = 1,0.8, 0.6.
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Fig. 4. Model fitting versus rural bank data for the years 2004-2014. (a) real data versus Caputo-Fabrizio derivative, (b) real data versus Caputo-Fabrizio deriva-
tive, « =1,0.98,0.96, (c) real data versus Caputo-Fabrizio fractional parameter model, @ =1,0.98,0.96, (d) Comparison of Caputo-Fabrizio fractional versus data for
o =1,0.95,0.93,0.9,0.8, (e) Future prediction of data versus model.
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Fig. 6. Simulation of CF model for & = 0.5,0.3, 0.1, subfigure (a) and (b), & = 0.5, subfigure (c) and (d), & = 0.3, and subfigure (e) and (f), « = 0.1.
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Fig. 10. Comparison of Caputo, Caputo-Fabrizio and Atangana-Baleanu operators versus real data, for (a) @ = 1 and 0.95, whereas for (b) @ = 1 and 0.97.

of integration and have the following:

YO -0 = 27, y1>+P( )f AWLyndy.  (19)

7’( )
For t =t,,1, wheren=20,1,2,..., we obtain
1-— thi1
t, — t dt.
Y1(tar1) = Y10 = P(a)}](n,}ﬁn)-i-p(a) Fi(t,y1)
(20)
Further, we obtain the following equation,
Vg1 —Y1in = P( ){f1 (tn. Y1n) = F1(ta1, Y1n-1)}
o« (" eynd 21
—_— t, t.
@ A 1(t.y1) (21)

We approximate the function F;(t,y;) by the interpolation poly-
nomial in [t, £441)], and have

F(ty. Yi) F(t— 1 Yi-1)
h

b (t) = (t—tq) — (t =), (22)

where h = t, — t,_q. After simpliﬁcatlon the equation (21), we have
the following,

thi1 98] F1(t s
f1(f»J’1)df=/ M(f th-1)
ty ty
F1(tn-1,Y1n-
_ Tt 1hJ’1n 1)(t—tn)dt

3h h
Fl(tnvyln)_ f1(tn Y1) (23)

Using the Eq. (23) in (21), and after some computation leads to the
following form,

1-« 3h
Yingr =Vin t (7 + 273(01)

TR ) G
)-7:1 (ta-1,Y1n_1)- (24)

_ (1; L

Pla)  2P(x)

The procedure described above is used in the same manner for the
rest of the equation of the fractional model (17), we have:

1-«a 3h
Y2ny1 = Y20t (7 + 2P(@)

P(a)
~ (32 oh otV Balta . Yan ). (25)

Pa) 2P(a)

)fz(tn,yzn)

The above scheme presented for the solution of the Caputo-
Fabrizio model (17) is used to obtain the numerical solution by
considering various fractional order values of the parameter o and
obtain Figs. 4-6. In Fig. 4 we present a comparison of the real data
versus fractional model for the fractional order o =1,0.98, 0.6,
and we can see that the fitting with Caputo-Fabrizio operator looks
good and can be used it for model fitting versus real data. Further,
in 23 (e) the future dynamics of the rural bank data give a rea-
sonable fitting to the real data for long time level. The behavior of
the system for long time level is presented in 5 and 6 with their
subgraphs for the « = 1,0.9,0.7,0.5, 0.3, 0.1. For every value of the
fractional order «, the CF model (17) provides graphical illustration
which is reasonable.

4.5. Atangana-Baleanu fractional model
The Atangana-Baleanu fractional model can be obtained by ap-

ply the definition of Atangana-Baleanu derivative and the model
(14) leads to the following system:

ry1 (1 - F) B1y1ya.

Y2 (1 - %) Bayryz. (26)

and the Atangana-Baleanu model in fractional parameter can be
written as

ABDOly]

AB Dot Vo

D¢y = iy (1 - 1};.73) - Biyryz.
48Dy, = T2Y2<1 - XF) Bay1ya. (27)
2

We give in the following subsection the numerical solution of the
two systems (26) and (27) wit a novel numerical approach and
their comparison with the real data.

4.6. Numerical solution with Atangana-Baleanu derivative

The present section investigates the numerical solution of the
model (26) and using the parameters values described in Table 1.
Initially, we give a brief details of the numerical procedure for the
solution of fractional model given by (26) by adopting the method
described in [21]. The selection of this novel approach for the nu-
merical solution of the proposed model (26) is based on the use
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Fig. 11. Comparison of Caputo, Caputo-Fabrizio and Atangana-Baleanu operators for the fractional bank model, when @ = 1,0.9,0.7.
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Fig. 12. Comparison of Caputo, Caputo-Fabrizio and Atangana-Baleanu operators for the fractional bank model, when « = 0.5,0.3,0.1.
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of the researchers for many mathematical models of real life phe-
nomenon which can be seen in [35-39] also the reference therein.
Therefore, the following procedure is adopted to obtain the numer-
ical solution of the model (26)

Initially, we convert the system given by (26) into the following
form by utilizing the fundamental theorem of fractional calculus:

1-w)
fO = 1O = 25y PESO)
m/ P, y(Wy))(t —y)*dy. (28)

Fort=t,,1,n=0,1,2,...,
f(tn+1) _f(O)

1-—
= aBciy P F @)

we have the following,

m/ PO, FU)) (ty1 — V) 1dyr,

1-
= aBciy e F@)

o n tin o
+m FZO/H P, f())(taer — ¥)*'dy. (29)

The function P(y, f(1)) is then approximated over the interval
[tj, tj11], with the interpolation polynomial, and we get the follow-
ing,

P fpy = PUTOD ¢y PO TEGD)
(30)
We put the above into Eq. (29), and then get the following,
f(tas1)
= F(O) + s Pt f(tn))

ABC( )

o P(t;, f(f ) a—
ABC(oz) x I'(a) Z( / (E=tj1) (G =0t

P(t] 1 f(t] l))

T - )t -0 ). (31)

tj
After the rigorous computation of the Eq. (31), the following ap-
proximate solution is obtained:

fltas1) = fto) + ABC( )P(tns f(tn))

h*P(t;, f(t ) o .

h*P(t;_1, f(t;-1))
T(a+2)

((n+1—j)"‘“—(n—j)“(n—j+1+0€)))- (32)

The above procedure we then applied to our fractional model de-
scribed in (26), with the following setting,

U] — 1l
ABC(x)
Uy =((n+1-j*(—j+24+a)—(n—j)*(n— j+ 2+ 2a)),

—(n—j*n—j+2+2a)) -

Us=((n+1-)*T—(n—j)*(n—j+1+a)),
Us = AB(ql(a)’
(33)
and have,

Vi1 (tns1) = y1(to) + Ui Fi (b, f(tn))

L (heF (g, f(t))
+U4j2(;( F(O{J+2)] sz

Y2 (tni1) = ya(to) + Ui Pa(tn, f(tn))

heP, (t;, f(t;))
+UZ( I‘(a]+2)J Uz -

h* Fi(tjq, f(tj-1))
T(a+2) U3)’

h*Py(tj_1.8(tj-1))
(o +2) U )

(34)

Using the above scheme (34), we obtain the graphical represen-
tation shown in Figs. 7-9 for the competition fractional model of
bank for the rural and commercial described by the system (26). In
Figure (7) and their subgraphs (a-e) we describe briefly the simu-
lation results of the fractional model versus the real data of rural
banks by considering different fractional order of «, which indicate
that the Atangana-Baleanu fractional operator is used for data set-
ting effectively. In Figs. 8 and 9, and their subgraphs shows the
dynamics of the rural and commercial banks described through
the system (26) for the values of « =1,0.9,0.7,0.5,0.3,0.1, which
shows that the Atangana-Baleanu derivative gives very flexible and
interested graphical results which seems better than that of the
Caputo and Caputo-Fabrizio operator. For each Figure in 7-9, we
have provided a brief details in figure caption. The description of
future prediction of bank data (rural) versus time is plotted in
subfigure 7 (e) which shows accurate fitting for long time.

5. Comparison of fractional operators

This section investigates the fractional operators, Caputo,
Caputo-Fabrizio and Atangana-Baleanu operators for the numer-
ical solution of the competition model fractional model. We use
the parameters given in Table 1 for the numerical results given
in Figs. 10 and 12. In Fig. 10 we give a comparison of the real
data versus three different fractional operators that is the Ca-
puto, Caputo-Fabrizio and the Atangana-Balenau operator for o =
1,0.97 and we can see that their is close similarities between these
operators versus real data and it can be seen that these operators
are useful to use for the real data modeling. We use the fractional
order parameter & = 1,0.9,0.7,0.5,0.3,0.1 and present the graph-
ical results in Figs. 11 and 12. One can see in these graphical re-
sults that the results of Atangana-Baleanu fractional operators are
so much good when decreasing the fractional order parameter o.

6. Conclusion

We presented the dynamics of the bank data through a com-
petition model with real data. Initially, we formulated the bank
model in an integer case and then using the fractional operators
such as the Caputo, Caputo-Fabrizio and the Atangana-Baleanu
and applied on the integer order system one by one. For each frac-
tional system we give a brief details for the numerical simulation
and their data fitting by considering different values of the frac-
tional order parameter. The real data for fractional model versus
integer order model are compared and in general all the opera-
tors have closed resemblance and any can see that these operators
are useful for data fitting of real life situation. But in Caputo case
the data fitting for the fractional case some deviation occurred but
in general it is not the case. Further, we presented some compar-
ison results of all the three fractional operators versus real data
for the case of @ = 1,0.97 and there we observed some closed re-
semblance of the operators. Also, for long time behavior all the
three fractional operators are compared and some useful results
were obtained for various values of the fractional order parame-
ters «. In all these results one can see that the results are in gen-
erally of all these operators are good and flexible but the results of
Atangana-Baleanu are more and good and provide good graphical
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behaviors. Thus in all the operators in this study the results of the
fractional Atangana-Baleanu operator is excellent. In future this
wok can be extended to fractal-fractional derivative with Caputo,
fractal-fractional Caputo-Fabrizio and fractal-fractional Atangana-
Baleanu derivative, where these new approaches can be tested for
the proposed study.
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