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KEYWORDS Abstract The present paper consider a newly introduced operator known as fractal-fractional
Fractal-fractional Caputo- where the fractional operator considered is Caputo-Fabrizio. We consider a competition system
Fabrizio model; and propose the field data of banks for 2004-2014 of Indonesia banks of the type rural and com-
Banking data model; mercial. The model with fractal-fractional operator known as fractal-fractional Caputo-Fabrizio
Actual data; derivative is formulated and show their analysis. We give a novel method to solve the model numer-
Simulation results ically and present the graphical results. We consider different values of the fractal and fractional

order parameters and compare the results with integer order fitting for real data. We show keeping
fractal order fix and varying fractional order, keeping fractional order fix and varying fractal, vary-
ing both fractional and fractal order for fixed values, varying values arbitrarily, and for long term,
we achieve better results for fitting than that of integer order for commercial and rural data. This
new definition of fractal-fractional in the form of Caputo-Fabrizio derivative provide better results
than that of the ordinary integer order.

© 2019 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction problem [4,5]. Mathematical models are not only used for
the science and engineering problems but also gaining much
Mathematical modeling considered effective tool to attention in banking and finance. Banking-finance has a vital

understand the dynamics of real-life problems in science and ~ Tole in the development of country economy. Banks are
engineering, see for example [1-3]. It is obvious that mathe- defined to be the place for a particular region to collect the

matical models characterize in the best way the real-world amount from their individuals and then spent bank on their
people for their betterment that lead to better society [6].

The amount collected from the individuals in a particular
region stored in banks is used further to facilitate their peoples
unair.ac.id ( Fatmawati). in the shape of lending etc. Rural and commercial banks doing

Peer review under responsibility of Faculty of Engineering, Alexandria such activities of ar.nOI.H}t collecting and_spending on people for
University. betterment of the individuals of a particular area, such banks
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may be Islamic or convectional or both of these [6]. The banks
that their activities are on the basis of Syariah law or conven-
tionally are known as the rural banks according to the Act No.
10 of 1998. In Indonesia, it is observed that rural banks have
comparatively fewer activities of business than the commercial
banks. Commercial banks collecting funds from the people for
some fixed time and then credit but the rural banks do no do
this [7,8]. The reports of the Indonesian banks statistics show
that commercial banks are high in number compared to the
rural one and the reason is that the rural have fewer activities
than that of the commercial ones. Due to the high number of
commercial banks, but their products are the same and still
improving their business activities [9]. With the same business
activities and products, it is observed that there is no huge dif-
ference among these banks products, so in the future, there
may be possibilities to have more costumers and possibilities
of competition among these.

The above discussion about the rural and commercial
banks in Indonesia suggests that among these two banks have
no such reasonable difference between there business products,
so there may have competition between these two. The compe-
tition among banks can be formulated through differential

5
L
real commericial data
18
u=1, v=1
16 4
14 4
%)
c
L12r J
=
c 1F 4
=
08 1
=4
o
06 4
04 4
02 4
0 T L L L L L L L
0 1 2 3 4 5 6 7 8 9 10
Time-Years
(a)
5
210 T T T T T T T T
18
real commericial data
16F u=1,v=0.98
14 g
2]
c
S12r 4
o
= 1
=
B 08 1
=4
o
0.6 [ 4
04 .
0.2 1
0
0 1 2 3 4 5 6 7 8 9 10
Time-Years
(c)
Fig. 1

equations system known as Lotka Volterra system. This Lotka
Volterra system is the generalization of the logistic equation
which consisting of two equations and is useful for competi-
tions between two species [10]. Many researchers around the
world used Lotka Volterra system for different practical prob-
lems, such as [11-18] and the references therein. For instant,
for mobile compony data [I1], technological substitution
[12], stock market of Korean, modeling and policy implica-
tions, dynamics of the markets, and banking data applications
[13-16]. A very recent application to bank data in Indonesia is
discussed in [17-20].

The above-described works are the application of Lotka
Volterra system to different practical problems with integer-
order except [17-20]. The fractional-order system is considered
more superior than the integer-order, because of their heredity
and memory properties, and much more. For integer order sys-
tem we have just integer order with limited studies while we
have a variety of choices for the order of the fractional system.
The fractional system may be obtained with different opera-
tors, Caputo, Caputo-Fabrizio (CF) and Atangana-Baleanu
operators (AB), etc. These operators are proposed by the
researchers for variety of problems [21-27]. Formulation of

% 10°
.

real commericial data
16F u=1, v=0.99 4

N
T
L

Profit in Billions
o o o
'S o © -

o
N
T
L

o

Time-Years

(b)

2 T T T T T T T T T

real commericial data
u=1, v=0.97

08r

Profit in Billions

06

0.4

0.2

Time-Years
(d)
Model versus commercial data fitting when u = 1 fixed: (a) v=1, (b) v =10.99, (¢) v=0.98, (d) v = 0.97.

Alexandria Eng. J. (2020), https://doi.org/10.1016/].a¢j.2019.12.032

Please cite this article in press as: A. Atangana et al., Modeling and analysis of competition model of bank data with fractal-fractional Caputo-Fabrizio operator,



https://doi.org/10.1016/j.aej.2019.12.032

Modeling and analysis of competition model of bank data

real-life problems and to identify the accurate parameters are
useful for future predictions. It is proven by researchers that
the fractional-order system gives the best setting for parameter
estimations, and one has reliable information for their pro-
posed problems [28-31]. In the past, some researchers have
shown the importance of data fitting using the fractional sys-
tem, for example, dengue data [28], groundwater flow [29],
parameters estimation for dengue data [30]. Chickenpox model
with real data [31], banking data models [17,18]. In all these
works the fractional models are considered by applying one
operator, or more. Some more results about the fractional
derivatives and their applications to real-world problems can
be seen in [32-38] and the work cited inside it. In these works,
the authors presented the engineering and physical problems
with fractional derivatives and provide effective results.
Recently, fractal-fractional model and their application to
banking and finance has been studied in [19,20]. The fractal-
fractional operators are considered recently in [39] and their
applications to chaotic different problems. The fractal-
fractional is shown by the authors for Caputo, Caputo-
Fabrizio and the Atangana-Baleanu. The advantage of this
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new operator to the real data problem is discussed briefly in
[19,20].

The main target of the work is to apply the fractional oper-
ator is a combination with the fractal operator. We use the new
definition of fractal-fractional where the fractional operator is
considered Caputo-Fabrizio. The fractal-fractional Caputo-
Fabrizio has fractal and fractional orders and we show that
its results are reliable for data fitting. We present some impor-
tant application of this newly proposed operator to the banks
data and show that this new idea gives the best fitting to real
data than the integer one. For the proposed study, we consider
Indonesian banking data for the period of 2004-2014 consid-
ered in [17.18], and provide many illustrations in the form of
simulations to show that this new idea is powerful than the
integer-order. In order to do this, we divide the work
section-wise and is follows: Basic results associated with
fractal-fractional operators as well as model descriptions are
given in Section 2 and 3 respectively. A numerical approxima-
tion for the fractal-fractional Caputo-Fabrizio is shown in Sec-
tion 4. Numerical results with brief discussion is given in
Section 5 while the achievement is shown in Section 6.
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Fig. 2 Model versus commercial data fitting for long time when u = 1 fixed: (a) v=1, (b) v=0.99, (c) v =0.98, (d) v =0.97.

Alexandria Eng. J. (2020), https://doi.org/10.1016/j.a¢j.2019.12.032

Please cite this article in press as: A. Atangana et al., Modeling and analysis of competition model of bank data with fractal-fractional Caputo-Fabrizio operator,



https://doi.org/10.1016/j.aej.2019.12.032

4

2. Preliminaries

This section contains the important new definitions of fractal-
fractional(FF) in the sense of different fractional operators
described very recently in [39,40].

Definition 1. A continuous and differentiable function, say z(z)
in the interval (p,, p,) with fractal order v, then the definition
of FF derivative of z(¢) with fractional order u in Riemann-
Liouville sense with power law kernel is presented by:

i,y 1 d ! M—t—
"D (2(1) = Tom—u) dr /O (1 —s)"™""=(s)ds, (1)
with m — 1 <u,v<m € N and ddff) =lim,_, Z(:zjjf‘y).

Definition 2. A continuous and differentiable function, say z(¢)
in the interval (p,,p,) with fractal order v, then the definition
of FF derivative of z(¢) with fractional order u in Riemann-

A. Atangana et al.
M(u) d

t
u
_lfudlv/o exp<fm(tfs)>z(s)ds, 2)
with u > 0,v<m e N and M(0=M(1)=1.

RHED)

Definition 3. A continuous and differentiable function, say z(¢)
in the interval (p,,p,) with fractal order v, then the definition
of FF derivative of z(#) with fractional order u in Riemann-
Liouville sense with generalized Mittag-Leffler kernel is pre-
sented by:

: ABw) d (' u
FFM pyu,v _ @ _ Y
D3 0) = T2 g [ E(- =)= ()
with u > 0,v < 1€ N and 4B(u) =1 —u+ﬁ.

Definition 4. A continuous function, say z(¢) in the interval
(P1,p>), then the definition of FF integral of z(f) with frac-
tional order u and with power law kernel is presented by:

. . . . . . .
Liouville sense with exponentially decaying kernel is presented FEP o)) = ; 10 4
by ) = [ (=) ) ©)
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Fig. 3 Commercial data versus model, v=1: (a) u =1, (b) u = 0.95, (c) u = 0.9, (d) u = 0.85.
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Definition 5. A continuous function, say z(¢) in the interval
(p1,P,), then the FF integral of z(¢) with order u has the expo-
nentially decaying kernel is presented by:

ld /Ots”’lz(s)dsth. (5)

R0 = 510 Vi

Definition 6. A continuous function, say z(7) in the interval
(p1,p,), then the FF integral of z(¢) with order u has the gen-
eralized Mittag-Leffler kernel is presented by:

- o /0 (0= 5" 2(s)ds
v(1 — ) 'z(¢)
AB(u)

TG E()

3. Mathematical model

We present the model construction by taking the Lotka—Vol-
terra model that consists of two equations to present the model
descriptions. We consider here the competition system that
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based on two equations which are considered to be more useful
for the dynamics of competition among two species, commodi-
ties etc over time. The species or commodities over time are
considered in this work are the banks with kind rural and com-
mercial. In Indonesia the study in [17,18] demonstrates the
existing of not hugely differences in the products among these
banks types, so the possibilities among these banks exist for
the competition. We consider the maximum profit that have
by the commercial banks at any time 7 is given by X, (¢) while
for the rural banks is X5(z). We assumed that the banks have
limited funds and grows logistically both the banks. With the
suggested assumptions the dynamics among rural and com-
mercial banks described in the following though the system
of nonlinear differential equations:

%: V1X1<1 —f—:> — ¢ X1Xa,

dx X )
df: 72X2< *é) — ¢, X1 X5,

where model (7) represents the dynamics of a positive
quantity, so the initial conditions associated are
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Fig. 4 Model versus commercial data fitting for long time, v = 1 fixed: (a) u =1, (b) u = 0.95, (c) u = 0.9, (d) u = 0.85.
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X1(0) = X1y = 0,X5(0) = X5y = 0. Further, r; for i = 1,2 rep-
resent banks growth for commercial and rural respectively, the
maximum profit gained by the commercial and rural is shown
respectively by C; and C,, where the coefficients ¢, for i = 1,2
is used for respectively commercial and rural banks. It should
be noted that the parameters given (7) are related banks which
are clearly positive, that is ry,r,, Cy, Cy, ¢, ¢, > 0. In the fol-
lowing subsection, we apply the new idea of fractal-
fractional to the above described model (7), where the frac-
tional operator is chosen to be Caputo-Fabrizio.

3.1. Fractal-fractional Caputo-Fabrizio model

In order to have a model formulation in the sense of a new def-
inition known as fractal-fractional in the sense of Caputo-
Fabrizio for the dynamics of competition among rural versus
commercials banks are described by the non-linear fractal-
fractional differential equations:

LDy (X(0) = nX (1 _g_i) — $1X1Xa, (®)
8
IOX0) = rX(1-8) - eXixs,
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where u is the fractional-order while v is used for fractal order
and the rest of the parameters are defined already above. To
have some properties of the model (8) such as their fixed
points, we present it in detail in the following subsections.

3.2. Equilibria
The equilibria of the FF model (8) can obtained by setting,
D (X1(0) =0, "D (Xx(1)) = 0. ©)
The imposed conditions on Egs. (9), leads to the following:
rlxl(l—g—.;)—@Xle:o, o)
Xs (1 - g) X1 Xs = 0.

Solution of (10) leads to the equilibrium points below:

(0> 0)7 0, = (07 C2)7 0, = (C170)7
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Commercial data versus model: (@) u=v=1,(b) u=v=0.99, (¢c) u=v=0.98, (d) u=v=0.975.
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with these equilibrium points, we have ¢,C, —r; > 0, ¢, C;—
r, >0 and ¢,¢,C,Cy —riry >0, then Dy (X,(r)) > 0 and
FEDGT (X5(1)) > 0 otherwise not. The model will have an equi-
librium if its solution line in given in Q5 cut each other in quad-
rant 1. It should be noted that with some reasonable set of
values of the parameters the stability of the model will be
determined.

4. Solution procedure for FF model

The numerical approach to solve the given model (8), we here
provide a novel approach which is based on the Adams-
Bashforth method. To have a scheme for the fractal-
fractional model (8), we convert the model (8) to the following
form:

CFD:)‘J(XI(I)) = VIIY71fi(X1>X27t)7

11
Dy (K1) = v (X1, X 1) (n

We apply the CF integral on Eq. (11) which leads to the
following:
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Model versus commercial data fitting: (a) u = 0.98,v = 0.99, (b) u =0.97,v=0.98, (¢c) u =0.95,v =0.99, (d) u = 0.9, v = 0.99.

Xi(0)= X+ f (X0, X0, 1)+t [y 2 (X0, X, D), "

M (u) M(u

Xo(0) = X3+ 00 (X0, X, 1) 425 [0 2 (X0, Xo, A)di

M (u) M(u

where
H(XL, X, 2) = nXy (1 —)c(*}> — ¢ X1 X3,
AL XD = nXa(1-8) - XX,

Using ¢ = t,., the following is established,

X (o) = X7+ (X X8, 1)+ 52 [y 27 (X, X, )

/\/Il(tlf) E M (u) « (13)
1 vt (1—u uy Tn v—
X (n= xi+ rM((u) )fz(XT’X;a’)"’M(u)fo LT (X, X, A)d
Further, we have the following:
1 v (1—u v :;4(]*'4) — 1—
X—Tﬂ(l‘): X’1+ IM((,I,) )fl(XYngvtn)_ l"\/ll(u) I(X—T le’z lvt/rl)
w [t qv—1
+M(,,) f,,], "2 I(leXZaz)d)“-,l( ) (14)
\ (=) o om o vl (1-u - -
Xy (e = Xy + g (X0, X, ) = S (X X )
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Fig. 7 Commercial data versus model: (a) u = 0.99,v = 0.98, (b) u=0.97,v=10.98, (c) u = 0.95,v = 0.98, (d) u = 0.94,v = 0.98.

It follows from the Lagrange polynomial interpolation and
integrating the following expressions:

X 0= Xy (X0 X 0,) = (X )

o) [Z”f?l Ui(X XS 0) =4 A (XS H)] (15)
X5 (1) = X3+ (X7, X m—“rml,)“ XX )

]\;(v [MZ' 12(X7117X7 tu) ;«,illfz(Xyllithily[u—l)]

Further simplifications of (15) leads to the following:
X = X7+ e (S S A (O X )
Vl;ll(l_u ,)fl(Xn X" ]711 l)
M(u) ' 2M(u) (16)

Xy () =

X5 v (s s ) (X, X3 1)

th 1 (M(”) ”hu)>fz(Xn 1 [‘/g—l7 tn—l)~

5. Numerical results

We consider the efficient numerical scheme described above
for the numerical solution of the bank model in fractal-
fractional operators in the sense of Caputo-Fabrizio given in
(8). We obtain the simulation results by considering
the novel approach presented above using these parameters
values: ¢, =2.90 x 107", ¢, =3.9 x 1077, C, = 189318.198,
C, = 17540.6219, y, = 0.88, and 7y, = 0.58. These values are
the best suitable values which describe effectively fitting to
the data of commercial and rural banks. We analyze here the
dynamics of two different data of commercial and rural banks
in Indonesia through a competition model in this simulation.
First, we will give brief details of the commercial real data ver-
sus a model with various values of fractal-fractional order u
and v, then we will analyze the model fitting to the real data
of rural banks with fractal-fractional order parameters u and
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Fig. 8 Rural data versus model fitting, v = 1 fixed:

v. The fractional operator considered here is the Caputo-
Fabrizio and shown in the graphics by u while the fractal
derivative is shown by v. The useful scheme presented above
is used to obtain the graphical results for different values of
fractal and fractional are shown in Figs. 1-14.

The graphical results in Figs. 1-7 describe the dynamics of
commercial data versus model fitting while the graphical
results in Figs. 8-14 show rural data versus model fitting.
We simulate first the data of commercial banks and fix the
fractional-order parameter ¥ = 1 and vary the fractal order
parameter v (v =1,0.99,0.98,0.97) see Fig. 1. Here, one can
see that decreasing the fractal order parameter v the fitting
of the model gets close and close to real data, and for
v =0.97, we have some good fitting for the commercial data.
The future prediction of the commercial bank data versus
model is simulated in Fig. 2 with 50 years. It can be seen very
clearly that the decrease in the fractal order v could be the best
fitting for the real data. Fig. 3 is obtained by setting v = 1 fixed
and the fractional-order parameter u is varying. Decreasing the
fractional-order parameter u from 1,0.95,0.9,0.85, the fitting
to data refining and we have some reasonable fitting for
u=0.85. Fig. 4 is obtained for a long time with the same
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parameters of u and v = 1, where the fractional parameter over
a long time shows the best fit compare to the integer case. We
have Figs. 5-7, where we limited ourself to give fix values to u
and v (see Fig. 5) changing u and v see Figs. 6 and 7. The
graphical results when varying both the u and v give more rea-
sonable setting for the data versus model. In Figs. 814, we
present the rural data versus model by considering various val-
ues of v and v. In Fig. 8 we fix the fractional-order parameter
u=1 fix and varying the fractal parameter v with
v=1,0.99,0.98,0.97. The decrease in v gives good fitting for
rural data versus model. A more clear result is shown in
Fig. 9 for data comparison over long time. Keeping the value
of the fractal order v fixed and varying the fractional-order u,
we have some reasonable better result for non-integer order
than that of integer order, see Fig. 10. The variation in u
and keeping v fix we have Fig. 11 which shows better fitting
than that of integer order. Keeping both the parameters fix
to some values we get a better fitting, see Fig. 12. Changing
the values of the fractional-order u and fractal order v we have
Figs. 13 and 14. Fig. 14 explains the comparison of rural data
with the model with different values of the fractal and
fractional orders. We observe that varying both the fractal
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Fig. 9  Future prediction for rural data versus model fitting, u = 1 fixed: (a) v =1, (b) u = 0.99, (c) v =0.98, (d) v =0.97.

and fractional order parameters values the real data coincides
better with the model curve and thus generate good fitting
results. From these graphical results, we conclude that this
new idea of fractal-fractional to the real world problem give
more and more best fitting and will be more useful for the
models arising in science and engineering.

6. Conclusion

We presented the dynamics of bank data through differential
equations as a competition among banks that is rural and com-
mercial banks for the specific period of years 2004—2014. We
considered a competition model first and then applied a very

recent introduced fractional operator namely fractional-
fractional Caputo-Fabrizio. We applied the fractal-fractional
operator and the model was formulated. The necessary results
for the model have been obtained. For numerical simulation of
the competition system, we constructed a very useful scheme
and the results were obtained and discussed in detail. We have
taken various values of the fractional and fractal order and
presented better results for the data fitting. We observed that
the data of commercial and rural banks for the fractal-
fractional orders parameters provide interesting fitting than
that of integer order. It is worthy to mention that the results
of the fractal-fractional operators are more reliable and better
than ordinary operators. The applications fractal-fractional
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Fig. 10  Rural data versus model fitting, v =1 fixed: (a) u =1, (b) u = 0.95, (¢) u = 0.9, (d) u = 0.85.
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Fig. 11  Future prediction for rural data versus model fitting, v = 1 fixed: (a) u =1, (b) u = 0.95, (¢) u = 0.9, (d) u = 0.85.
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operators with the real data in the field of science and engineer-
ing and other social sciences sector can get benefit from these.
These new data fitting results with the new idea of fractal-
fractional Caputo-Fabrizio derivative for the real data model
suggested in this work will open new doors to the researchers
who work in fractional calculus.

Acknowledgements

The authors are thankful to the reviewers for their careful
reading and suggestions that improved the presentation of
the paper. This work is supported by Universitas Airlangga
through Hibah Riset Mandat (No. 342/UN3.14/LT/2019).

References

[1] Muhammad Kahshan, Lu. Dianchen, Mohammad Rahimi-
Gorji, Hydrodynamical study of flow in a permeable channel:
application to flat plate dialyzer, Int. J. Hydrogen Energy 44 (31)
(2019) 17041-17047.

[2] S. Uddin, M. Mohamad, Mohammad Rahimi-Gorji, R. Roslan,
Ibrahim M. Alarifi, Fractional electro-magneto transport of
blood modeled with magnetic particles in cylindrical tube
without singular kernel, Microsyst. Technol. (2019), https://
doi.org/10.1007/s00542-019-04494-0.

[3] Mehdi Akermi, Nejmeddine Jaballah, Ibrahim M. Alarifi,
Mohammad Rahimi-Gorji, Rafik Ben Chaabane,
Hafedh Ben Ouada, Mustapha Majdoub, Synthesis and
characterization of a novel hydride polymer P-DSBT/ZnO

Profit in Billions

Profit in Billions

16000 T T T T T T T T

al rural data
u=0.99, v=0.97

14000

12000

10000

8000

6000

4000

2000

(b)

16000 T T T T T T T T

14000

real rural data

u=0.885, v=0.98
12000

10000

8000

6000

4000

2000

Time-Years

(d)

nano-composite for optoelectronic applications, J. Mol. Liq.
287 (2019) 110963.

[4] K. Ganesh Kumar, Mohammad Rahimi-Gorji, M. Gnaneswara

Reddy, Ali. J. Chamkha, Ibrahim M. Alarifi, Enhancement of

heat transfer in a convergent/divergent channel by using carbon

nanotubes in the presence of a Darcy-Forchheimer medium,

Microsyst. Technol. (2019), https://doi.org/10.1007/s00542-019-

04489-x.

Samuel O. Adesanya, Basma Souayeh, M.N. Mohammad

Rahimi-Gorji, O.G. Adeyemi Khan, Heat irreversibiility

analysis for a couple stress fluid flow in an inclined channel

with isothermal boundaries, J. Taiwan Inst. Chem. Eng. 101

(2019) 251-258.

[6] Laws of The Republic Indonesia Number 10 year 1998 About
Amendment to Law number 7 of 1992 Concerning Banking.

[71 S. Arbi, Lembaga Perbankan Keuangan dan Pembiayaan,
BPFE, Yogyakarta, 2013.

[8] S. Iskandar, Bank dan Lembaga Keuangan Lainnya, Penerbit
IN MEDIA, Jakarta, 2013.

[9] OJK, Statistik Perbankan Indonesia 2004-2014, http://www.ojk.
go.id/datastatistikperbankan-indonesia (accessed on 16th may
2015)

[10] Alan Hastings, Population Biology: Concepts and Models,
Springer Science & Business Media, 2013.

[11] J. Kim, D.J. Lee, J. Ahn, A dynamic competition analysis on the
korean mobile phone market using competitive diffusion model,
Comput. Ind. Eng. 51 (1) (2006) 174-182.

[12] S.A. Morris, D. Pratt, Analysis of the Lotka—Volterra
competition equations as a technological substitution model,
Technol. Forecast. Soc. Chang. 70 (2) (2003) 103—133.

[5

Alexandria Eng. J. (2020), https://doi.org/10.1016/j.a¢j.2019.12.032

Please cite this article in press as: A. Atangana et al., Modeling and analysis of competition model of bank data with fractal-fractional Caputo-Fabrizio operator,



http://refhub.elsevier.com/S1110-0168(19)30180-2/h0005
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0005
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0005
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0005
https://doi.org/10.1007/s00542-019-04494-0
https://doi.org/10.1007/s00542-019-04494-0
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0015
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0015
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0015
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0015
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0015
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0015
https://doi.org/10.1007/s00542-019-04489-x
https://doi.org/10.1007/s00542-019-04489-x
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0025
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0025
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0025
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0025
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0025
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0035
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0035
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0035
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0040
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0040
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0040
http://www.ojk.go.id/datastatistikperbankan-indonesia
http://www.ojk.go.id/datastatistikperbankan-indonesia
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0050
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0050
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0050
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0055
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0055
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0055
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0060
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0060
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0060
https://doi.org/10.1016/j.aej.2019.12.032

14

A. Atangana et al.

[13] S.J. Lee, D.J. Lee, H.S. Oh, Technological forecasting at the
korean stock market: a dynamic competition analysis using
Lotka—Volterra model, Technol. Forecast. Soc. Chang. 72 (8)
(2005) 1044-1057.

[14] C. Michalakelis, C. Christodoulos, D. Varoutas, T.
Sphicopoulos, Dynamic estimation of markets exhibiting a
prey—predator behavior, Expert Syst. Appl. 39 (9) (2012) 7690
7700.

[15] S. Lakka, C. Michalakelis, D. Varoutas, D. Martakos,
Competitive dynamics in the operating systems market:
modeling and policy implications, Technol. Forecast. Soc.
Chang. 80 (1) (2013) 88-105.

[16] C.A. Comes, Banking system: three level Lotka-Volterra model,
Procedia Econ. Financ. 3 (2012) 251-255.

[17] Fatmawati M.A. Khan, M. Azizah, Windarto S. Ullah, A
fractional model for the dynamics of competition between
commercial and rural banks in Indonesia, Chaos Solitons Fract.
122 (2019) 32-46.

[18] W. Wang, M.A. Khan, Fatmawati P. Kumam, P. Thounthong,
A comparison study of bank data in fractional calculus, Chaos,
Solitons Fract. 126 (2019) 369-384.

[19] Z.F. Li, Z. Liu, M.A. Khan, Fractional investigation of bank
data with fractal-fractional Caputo derivative, Chaos, Solitons
Fract. 2019 (in press), https://doi.org/10.1016/j.chaos.2019.
109468.

[20] W. Wang, M.A. Khan, Analysis and numerical simulation of
fractional model of bank data with fractal-fractional Atangana-
Baleanu derivative, J. Comput. Appl. Math. 369 (2019) 112646.

[21] S. Ullah, M.A. Khan, M. Farooq, A fractional model for the
dynamics of tb virus, Chaos, Solitons Fract. 116 (2018) 63-71.

[22] 1. Podlubny, Fractional Differential Equations: An Introduction
to Fractional Derivatives, Fractional Differential Equations, to
Methods of Their Solution and Some of Their Applications,
Elsevier, 1999.

[23] S. Das, P. Gupta, A mathematical model on fractional Lotka—
Volterra equations, J. Theor. Biol. 277 (1) (2011) 1-6.

[24] M.A. Khan, Z. Hammouch, D. Baleanu, Modeling the
dynamics of hepatitis e via the Caputo—Fabrizio derivative,
Math. Model. Nat. Phenomena 14 (3) (2019) 311.

[25] M.A. Khan, S. Ullah, M. Farooq, A new fractional model for
tuberculosis with relapse via Atangana—Baleanu derivative,
Chaos, Solitons Fract. 116 (2018) 227-238.

[26] F. Fatmawati, E. Shaiful, M. Utoyo, A fractional-order model
for HIV dynamics in a two-sex population, Int. J. Math. Math.
Sci. (2018) Article ID 6801475.

[27] A. Atangana, J.J. Nieto, Numerical solution for the model of rlc
circuit via the fractional derivative without singular kernel, Adv.
Mech. Eng. 7 (10) (2015), 1687814015613758.

[28] S. Qureshi, A. Atangana, Mathematical analysis of dengue fever
outbreak by novel fractional operators with field data, Phys. A:
Stat. Mech. Appl. 526 (2019) 121-127.

[29] A. Atangana, R.T. Alqahtani, A new approach to capture
heterogeneity in groundwater problem: an illustration with an
earth equation, Math. Model. Nat. Phenomena 14 (3) (2019)
313.

[30] S. Qureshi, A. Yusuf, Fractional derivatives applied to mseir
problems: comparative study with real world data, Eur. Phys. J.
Plus 134 (4) (2019) 171.

[31] S. Qureshi, A. Yusuf, Modeling chickenpox disease with
fractional derivatives: from caputo to atangana-baleanu,
Chaos, Solitons Fract. 122 (2019) 111-118.

[32] Khaled M. Saad, J.F. Gomez-Aguilar, Analysis of reaction-
diffusion system via a new fractional derivative with non-
singular kernel, Phys. A: Stat. Mech. Appl. 509 (2018) 703-716.

[33] V.F. Morales-Delgadoa, J.F. Gomez-Aguilar, M.A. Taneco-
Hernandez, Analytical solution of the time fractional diffusion
equation and fractional convection-diffusion equation, Revista
Mexicana de Fisica 65 (1) (2018) 82-88.

[34] J.F. Gomez-Aguilar, H.Yépez-Martinez, R.F. Escobar-Jiménez,
V.H. Olivares-Peregrino, J.M. Reyes, 1.0O. Sosa, Series solution
for the time-fractional coupled mKdV equation using the
homotopy analysis method, Math. Problems Eng. (2016) 8.
doi: https://doi.org/10.1155/2016/7047126 (Article ID 7047126).

[35] K.M. Saad et al, Numerical solutions of the fractional Fisher’s
type equations with Atangana-Baleanu fractional derivative by
using spectral collocation methods, Chaos: Interdiscip. J.
Nonlinear Sci. 29 (2) (2019) 1-13.

[36] J.F. Gomez-Aguilar, Chaos and multiple attractors in a fractal-
fractional Shinriki’s oscillator model, Phys. A: Stat. Mech. Appl.
539 (2020) 122918.

[37] J.F. GOomez-Aguilar, Multiple attractors and periodicity on the
Vallis model for El Niflo/La Nifla-Southern oscillation model, J.
Atmos. Solar Terr. Phys. 197 (2020), 105172105172.

[38] J.E. Solis-Péreza, J.F. Gomez-Aguilar, R.F. Escobar-Jiménez, J.
Reyes-Reyes, Blood vessel detection based on fractional Hessian
matrix with non-singular Mittag-Leffler Gaussian kernel,
Biomed. Signal Process. Control 54 (2019) 101584.

[39] A. Atangana, S. Qureshi, Modeling attractors of chaotic
dynamical systems with fractal-fractional operators, Chaos,
Solitons Fract. 123 (2019) 320-337.

[40] A. Atangana, Fractal-fractional differentiation and integration:
connecting fractal calculus and fractional calculus to predict
complex system, Chaos, Solitons Fract. 102 (2017) 396-406.

Please cite this article in press as: A. Atangana et al., Modeling and analysis of competition model of bank data with fractal-fractional Caputo-Fabrizio operator,

Alexandria Eng. J. (2020), https://doi.org/10.1016/j.a¢j.2019.12.032



http://refhub.elsevier.com/S1110-0168(19)30180-2/h0065
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0065
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0065
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0065
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0070
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0070
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0070
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0070
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0075
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0075
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0075
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0075
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0080
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0080
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0085
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0085
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0085
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0085
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0090
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0090
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0090
https://doi.org/10.1016/j.chaos.2019.109468
https://doi.org/10.1016/j.chaos.2019.109468
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0100
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0100
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0100
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0105
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0105
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0110
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0110
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0110
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0110
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0110
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0115
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0115
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0120
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0120
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0120
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0125
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0125
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0125
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0135
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0135
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0135
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0140
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0140
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0140
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0145
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0145
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0145
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0145
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0150
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0150
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0150
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0155
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0155
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0155
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0160
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0160
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0160
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0165
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0165
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0165
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0165
https://doi.org/10.1155/2016/7047126
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0175
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0175
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0175
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0175
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0180
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0180
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0180
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0185
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0185
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0185
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0190
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0190
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0190
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0190
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0195
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0195
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0195
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0200
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0200
http://refhub.elsevier.com/S1110-0168(19)30180-2/h0200
https://doi.org/10.1016/j.aej.2019.12.032

