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Parameter estimation and fractional derivatives of dengue transmission
model

Windarto'!, Muhammad Altaf Khan’ and Fatmawati'*

! Department of Mathematics, Faculty of Science and Technology, Universitas Airlangga, Surabaya
60115, Indonesia

2 Faculty of Natural and Agricultural Sciences, University of the Free state, South Africa
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Abstract: In this paper, we propose a parameter estimation of dengue fever transmission model
using a particle swarm optimization method. This method is applied to estimate the parameters of the
host-vector and SIR type dengue transmission models by using cumulative data of dengue patient in
East Java province, Indonesia. Based on the parameter values, the basic reproduction number of both
models are greater than one and obtained their value for SIR is Ry = 1.4159 and for vector host is
Ro = 1.1474 . We then formulate the models in fractional Atangana-Baleanu derivative that possess
the property of nonlocal and nonsingular kernel that has been remained effective to many real-life
problems. A numerical procedure for the solution of the model SIR model is shown. Some specific
numerical values are considered to obtain the graphical results for both the SIR and Vector Host model.
We show that the model vector host provide good results for data fitting than that of the SIR model.

Keywords: dengue model; parameter estimation; particle swarm optimization method;
Atangana-Baleanu derivative
Mathematics Subject Classification: 34A08, 92B05

1. Introduction

Dengue fever is one of the most contagious diseases in the tropics and subtropics around the world.
The disease is caused by the dengue virus that is transmitted to humans through the bite of Aedes
Aegypti female mosquito. After incubation of the virus for 4-10 days, the infected mosquito is capable
of transmitting the virus for the rest of its life. The incidence of dengue globally has been widespread
in recent decades. About half of the world’s population is now at risk of becoming infected with this
disease [1].

Compared to other diseases and their effects, dengue is a huge burden on human populations, health,
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and economic systems in most tropical countries in the world. Every year, 100 out of 1000 cases
increase, 20,000 of them die [2]. There is no specific treatment for dengue, but early detection and
access to appropriate medical care reduce mortality. Prevention and control of dengue depend on
effective vector control [1].

In Indonesia, dengue fever is one of the infectious diseases that until now is still a public health
problem. This disease often appears as an extraordinary event because of its rapid and potentially
deadly spread. Dengue fever spread throughout Indonesia and attacked all age groups, especially
children since it was first discovered in 1968 in Surabaya [3]. In 2013, the number of dengue fever
patients in Indonesia reported as many as 112,511 cases with the death of 871 people [4].

The mathematical modeling has become a powerful tool for understanding the dynamics of the
spread of an infectious disease including dengue fever. Some researchers have developed a
mathematical model of the spread of dengue fever with a host and vector approach [5-7]. A
mathematical model cannot be interpreted in real cases if the parameter values of the model are
unknown. Pandey et al. in [8] have applied Bayesian Markov chain Monte Carlo (MCMC) method to
estimate the parameters of simple host-vector and SIR (Susceptible, Infectious, Recovery) model
using monthly incidence of dengue fever in Thailand. The comparison result show that the SIR model
better than the host-vector model to explain the incidence data from Thailand. Gotz et al. [9] linked
daily data of dengue and rainfall patients in Semarang city, Indonesia to estimate IR (Infectious,
Recovery) model with optimal control theory approach. Recently, Agusto and Khan [10] have
parameterized the dengue model using the classical least-squares method based on the 2017 dengue
data in Pakistan.

When a mathematical model was presented in a closed form, then the parameters in the model can
be estimated by deterministic optimization methods such as the Newton method or Nelder-Mead
method [11]. Unfortunately, the Nelder-Mead or Newton method fails to converge into global
minimum of a function if the function has many local minima [12]. In addition, many mathematical
models occur in non-linear ODE (ordinary differential equation) systems, so the exact solution (closed
form solution) of the model cannot be obtained. In this case, a heuristic method can be used to
estimate parameter values from a non-linear model or a non-linear ODE system. Heuristic method
such as Genetic Algorithm (GA) and Particle Swarm Optimization (PSO) method have been
previously used to estimate parameters of non-linear ordinary differential equations system model.
GA method has been often employed to optimize the parameters of ODE model [13—15]. So far the
PSO method is rarely explored in this field [16,17]. PSO method was developed by Kennedy and
Eberhart in 1995 [18]. This method is inspired by social behavior of organisms in a group e.g. bird
swarm, fish swarm and ant colony.

In the present era the fractional order models associated with epidemic models gaining much
attention day by day. The development in fractional calculus in terms of fractional derivative and the
relevant definitions are proposed, Caputo, Caputo-Fabrizio and Atangana-Baleanu derivative. These
derivative have successfully applied to the models of real-life problems and obtained good
results [19-25]. The Atangana-Baleanu is the recent development in the fractional calculus and
getting attention day by day due to its memory effect [26]. This derivative is based on nonlocal and
non-singular kernel and can handle the problems associated to real life situations. The crossover
behavior and the non-local dynamics of the realistic models cannot be utilized efficiently with the
integer derivative and to such problems the role of fractional calculus is appreciated. More recently,
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Qureshi and Atangana [27] have compared the integer and fractional derivative dengue models related
to dengue fever outbreak in Cape Verde islands around 2009.

In this paper, we propose the parameter estimation techniques with PSO method. This method is
applied to estimate the parameters of the host-vector and SIR type dengue fever transmission model
based on cumulative data of dengue fever patient in East Java province, Indonesia. Furthermore, we
formulate the dengue transmission model of the host-vector and SIR type in Atangana-Baleanu
derivative. The numerical procedure for Atangana-Baleanu derivative is then implemented for
different values of the fractional order of the model.

2. Host-vector model for dengue transmission

In this section, we describe a simple host-vector model for dengue transmission. Here we follow
the host-vector model from [8, 19] to describe the dynamics of dengue disease transmission. We also
apply the model to explain dengue transmission in East Java province, Indonesia. We included the
disease-induced mortality in human population (host). The host-vector model is divided into three
human host populations, susceptible (S ), infectious (/) and recovered (R), and two mosquitoes (vector)
populations, susceptible (V) and infectious (V;). The system of differential equations describing the
host-vector model is written as

B oo ap s s,

L = B - eurdl,

% = vyl — uR, 2.1
ddlts = Av_ﬁv%VS_ﬂvVS’

% = ﬁvjivVS—,UvVl,

where N =S + 1+ R and V = Vg + V, denote the total population size of host and vector, respectively.
Parameter description of model (2.1) could be seen in Table 1.

Table 1. Parameters of model (2.1).

Description Parameter
Recruitment rate of host A
Recruitment rate of vector A,
Natural death rate of host u
Natural death rate of vector My
The vector—to—host transmission probability B
The host—to—vector transmission probability By
Recovery rate 0%
Disease induced death rate for host d
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The change rate of the total human populations is given by

dN
— = A—uN —-dlI
dt K ’

and the change rate of the total vector populations is as follow

It is noted that in the absence of the disease-induced death (d = 0), the total human population,
N — % as t — oo. The biologically feasible region of the model (2.1) consisting of

Q,xQ, cR} xR2,
with

A
Qh={(S,I,R)€Ri:OsNg —},
u

and

Q= {(VS,V,)eRi 0<V< 2—}

As the standard analysis of the model, we begin by calculating the basic reproduction number of
the model. The basic reproduction number is the expected number of secondary case per primary
case in a virgin population [28,29]. The model (2.1) has two equilibriums, namely the disease-free
equilibrium and the endemic equilibrium. The disease-free equilibrium of model (2.1) is given by E° =
(S°,1° RO, Vg, V})) = (%, 0,0, 2—, 0). Using the next generation method [30], the basic reproduction

number of the model (2.1) is
,Bh,Bv
Ry = | ——mMm—. (2.2)
" Vﬂv(y +u+d)

The disease-free equilibrium of model (2.1) is locally asymptotically stable if R, < 1, however the
endemic equilibrium locally asymptotically stable if Ry > 1.

In order to parameterize dengue model (2.1), we assumed that the total human population (V) is a
constant due to we only fit the data to the model about one year. We also assumed that the total vector
populations is the constant. Thus, we choose A = uN + dI and A, = u,V. Hence, the mathematical
model (2.1) can be written follow

dN

— =0,

dt

dI v,

— = —(N-I-R)- I

7 ﬁ’hV(N )= (y+u+dl,

dR

— = vyl —uR, 2.3
7 Yl —pu (2.3)
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dv

= -,

dt

A% 1

o ﬂvﬁ(V—VI)—,UvVI-

There are six unknown parameters in host-vector model (2.3) i.e. B, u,v,d,B, and u,. The six
parameters of the model (2.3) were estimated using dengue fever data obtained from East Java province
using particle swarm optimization method.

3. SIR model for dengue transmission

Most of the mathematical models for dengue fever transmission have been developed with the host-
vector model approach. However, vector population (mosquito) data in the field is usually difficult to
obtain because of the infection dynamics in the vectors are faster than in the hosts (humans). In terms
of estimating the model parameters, it is more appropriate to model the spread of dengue using the
SIR-type. The dengue transmission model using SIR-type is represented by the following equations

ds I

= = A-B—=S-uS,

dr By —H

dl I

— = =S -(y+u+dl,

7 ,BN (y+u+d)

dR

— = yl—uR .1
7 ¥l — uR, 3.1)

where S, I and R denote the susceptible, infected and recovered human populations respectively. The
parameters A denote the birth rate, 5 denote the rate for dengue transmission and u denote natural death
rate. By v we denote the recovery rate and d denote dengue death rate. All parameters of the model
(3.1) are assumed to be constant and nonnegative. If we assume N denotes the total human population,
then we have N = § + I + R. The change rate of the total populations is given by

dN

— = A-uN—-dI. 3.2
7 u (3.2)

The model (3.1) has the biologically feasible region on Q with

A
Q:{(S,I,R)eRi:OgNs—}.
M

The model (3.1) has a disease free equilibrium Ey = (S¢,ly,Ry) = (%,O, 0). Using the next
generation method as presented in [30], the basic reproduction number of the model (3.1) is

B

Ry= ——. 3.3
0 vy+u+d (3-3)

Thus, the endemic equilibrium of the model (3.1) is given by E* = (%, %(7{0 -1, %(7{0 — 1)).
The disease-free equilibrium of model (3.1) is locally asymptotically stable if Ry < 1. Meanwhile, the
endemic equilibrium is exists and locally asymptotically stable if Ry > 1.
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Next, for the simplicity we assumed the total population (N) was constant by using A = uN + dI.
Thus, the mathematical model (3.1) can be expressed as follows.

dN

- =0
dt

dI I

— = B—=(N-I-R) - dl, 3.4
0 B¢ )= (y+pu+d (3.4)
dR

— = yl-puR.

o vl —p

In the next section, we estimate all parameters in the model (3.4). The model has four parameters
1.e. B, u,y, and d. We apply the genetic algorithm to estimate all parameters in the model.

4. Parameter estimation using particle swarm optimization method

In this method, solutions are represented by particles. A particle is represented by the position of
the particle (x;) and the particle velocity (v;). This method begins with random selection of particle
position and particle velocity.

Motion of a particle is influenced by stochastic and deterministic components. Every particle is
influenced by global-best position (g.,,) and particle-best position in a particle group (pp.s). In general,
the parameter estimation step by using the particle swarm optimization method is as follows:

(a) Evaluate cost function value of every particle. Here we choose mean absolute percentage error
(MAPE) as a cost function which is given by

x = . (4.1)

Here n is the number of data, y;; is the real data component, and yj.‘j is the component of the
solution of the differential equation using the Runge-Kutta method.

(b) Update the particle best (py.s;) and the global best (gs.s,). Let the particle swarm optimization
method contains m particles. At every iteration, the particle-best position (p.s.i(f)) is replaced
by position of current particle x;(r + 1) when the MAPE of x;(z + 1) is lower than the MAPE of
Dwest.i)(t). Moreover, and the global best position (gs.) is substituted by position of the current
particle x;(t + 1) when the MAPE of x;(z + 1) is lower than the MAPE of g, (?).

(c ) Calculate new velocity of every particle by using

Vit + 1) = wvit) + c171(Poesi(1) = Xi(1)) + c272(8pesi (1) = Xi(1)); (4.2)

Here r; and r, are random numbers between zero and one with uniform distribution.
(d) Calculate new position of every particle by using

xi(t+1)=x(t) +vi(t + 1) 4.3)
The steps are reiterated some termination condition is met. Here we choose ¢y = ¢; =2 and w = 1.
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5. Parameter estimation of host-vector and SIR model

East Java Province is located in the eastern part of the island of Java, Indonesia. The population is
about N = 41.5 millions [31]. East Java has the widest area among 6 provinces in Java Island and has
the second largest population in Indonesia after West Java. The data used for parameter estimation on
the SIR-type model is cumulative data of dengue fever case per month from March 2012 - February
2013 presented in Figure 1 [3]. The data represent data of dengue epidemic condition in East Java.
Cumulative data are generally smoother than actual event data and it is also easier to handle data
delays due to holidays and weekends [8].

14000
12000 2
10000 /

o Vi
o0 S
4000 /
2000 /M

MEE alil

&

&

Dengue fever cases

‘ 4
W8 é@* \\}(\?’ G ?‘\& o O

March 2012 - February 2013

Figure 1. Cumulative dengue fever incidence in East-Java Indonesia from March 2012 to
February 2013.

In this section, we estimate parameters of host-vector model (2.3) and SIR model (3.4) by using PSO
method. We estimated parameters in the host-vector and SIR such that the mean absolute percentage
error (MAPE) is minimum. In the PSO implementation, the number of particles is set to 40 particles.
We applied the methods for 20 trials where for every trial the methods were terminated after 250
iterations. The best results of the host-vector model and SIR model are presented in the Table 2 and
Table 3 respectively.

Table 2. The best estimation results of the host-vector model.

ﬁh ﬁv M Y My d MAPE
1.361353 1.255105 0.001185 0.224115 1.415122 0.691767 0.077705

Table 3. The best estimation results of the SIR model.

B u 0% d MAPE
0.888349 0.001185 0.262486 0.363749 0.116089

From the Tables 2 and 3, minimum of MAPE of the host-vector and SIR model are around 7.77 %
and 11.61 % respectively. By using parameter values from the tables, we find the basic reproduction
number for the host-vector model and the SIR model are

RO,Host—Vector = 1147434, RO,SIR = 1415876 (51)
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respectively. The basic reproduction number values from both models indicates dengue endemic
condition in East Java province, Indonesia. This prediction result is consistent with the real situation,
where dengue infection is not removed yet from the East Java province.

Figures 2 and 3 illustrate both models matching images with real data. From Figure 2 it can be seen
that the number of infected humans of the SIR model between estimation results with real data is very
close at the end of the observation although there is a small deviation at the beginning. However, the
estimated result of the host-vector model for the infected human is very closed for the first 10 months
and then there is a small deviation at the end of the observation. Similarly, in Figure 3 indicates that
the number of recovered human of both models between estimation results and real data is also quite
close until the end of the observation. Hence, we will explore the two dengue models with a fractional
model approach in order to see the comparison with real data.

Number of infectious human population
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Figure 2. The estimates of human infections to the data.
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Figure 3. The estimates of human recovery to the data.
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6. A fractional dengue model

The present section presents the dengue SIR model given in (3.1), will be formulated in Atangana-
Baleanu derivative. Therefore, the fractional Atangana-Baleanu representation for the SIR dengue
model (3.1) take the shape below:

0PDIS = A =B LS —usS,
ABDOT = BLS —(y +u+d), (6.1)
oBDYR = yI — uR,

where, S, I and R and their parameters defined in above sections. Further, the initial conditions
associated with the model (6.1) are non-negative. Before working on the model (6.1), first, we present
the basic definitions related to the fractional Atangana-Baleanu derivative and then, we give the
numerical procedure to obtain the graphical results of the model with various fractional values of the
fractional order parameter . The Vector host model in the form of Atangana-Baleanu derivative can
be expressed as

ABnagQ _ Vi
ngg}g _—ﬁA ﬁfh_v(‘s /’lSa
o Yt = Phy Yytu+ d)l,
oPDIR = yI — uR, (6.2)
Qigg“;s _: AVL— ﬁv_ﬁ Vs — Vs,
0 t V1 —ﬁv NVS :quI-
In the numerical section, we give a numerical procedure for the solution of the SIR model in Atangana-

Balenau derivative (6.1) and for the vector host model in fractional derivative (6.2) the readers can
easily implement a numerical scheme by following the procedure given for (6.1).

6.1. Basic concepts of A-B derivative

First, we give some definitions on A-B fractional derivative which will be used later in our
study [26].

Definition 6.1. Suppose & € Fl(a,b), b > a, a € [0,1] then in Caputo sense the newly fractional
derivative can be written as follows:

o) = por [ WE| - o

e

where B(a) = 1 —a + % is a normalized function with B(0) = B(1) = 1 and E, is Mittag-Leffler
function

- a

(o)

EQ(Z) = — > 0.
k=0

Definition 6.2. Consider h € Fl'(a,b), b > a, @ € [0, 1], (not necessary differentiable) then, in
Riemann-Liouville (ABR) sense, one can express the newly derivative knows as Atangana-Baleanu
fractional derivative as is follows:

B d (' 0"
B L P %
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Definition 6.3. For the Atangana-Baleanu fractional derivative one can express the fractional integral
wit non local kernel as follows:

AB o _ 1= @ t |
G0 = G0+ g [ ho=yray

We obtain the initial function and the classical integral respectively, when the fractional order is
zero and 1.

Theorem 6.4. On [a, b], the following inequality holds for f when the function h is continuous on
[a, D].

B
P DE G < T Lo, where GO = max,e.ah(0) 6.3)

Theorem 6.5. Atangana-Baleanu and Atanagan-Baleanu-R derivatives both fulfill the condition
Lipschitz given in the following:

132Dy (1) = 3P DIy (Dl < Kllhy (1) = ho (0], (6.4)
also for ABR derivative we have
522D 1y () = P DIy (0| < Kl (1) = o (0] (6.5)

Theorem 6.6. For the FDE
EDn(r) = (1), (6.6)

one can obtain a unique solution by using the inverse Laplace transform and the convolution
result [26]:

|-« a ' a-1
h(r) = AB(@) s(1) + AB@(@) j; St = &)™ dé. (6.7)

7. Numerical procedure

The aim of the present section is to obtain the numerical results of the model (6.1) using the method
in [32] which is applied efficiently to various kind of real-life problems such as [21-23]. Now using
this technique we apply to our model (6.1) as follows:

For the simplification purpose, we express the model (6.1) in the following form:

ABDeS — 9,(1,S,1,R),
ABDer = 9G,(1,S, 1, R), (7.1)

ABDZR = Ks(t,S, I, R).

System (6.1) can be converted in the following form using the fundamental theorem of integration.

S(1) =S (0) = GFHK0,S) + xaeir Jo K5t — &) de,

1(t) = 100) = GBK(t, 1) + 155 o Kol Dt — €)1 d, (7.2)

R() = RO) = {55 Ks(t.R) + gy fy Kal@ ROt = €.
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Fort =t,,1,n=0,1,2,..., we obtain from Eq (7.2)

S(tn+l) - S(IO) = AB(Q)%l (tna S) + T e AB(a)r(a) Zk =0 flk“f](l(?- S)(tl’H-l - T)a ldT

I(tn+1) - I(t()) AB(Q)WZ(IVH I) t BT AB(Q)F(Q) Zk 0 ftkﬂq(Z(T I)(tn+l - T)a 1dT (73)

R(tn+l) - R(t()) = AB(Q)(](3(II1’R) + AB((Y)F(C[/) Zk 0 flk“f](S(T R)(tn+1 - T)a ldT
Approximating the integral in Eq (7.3), using two-point interpolation polynomial and then simplifying,

we finally get the following iterative solution for the model given (6.1). In a similar way for the rest of
equations of the system (6.1), we obtained the recursive formula as below

1-
S = $0)+ 550 )7<1<n, )+Agza)x
Z(%(m+1—k)“(n—k+2+0z)—(n—k)“(n—k+2+2a))
hd«l (tk—l ’ S) a+l @
—W((n+l—k) ~ (=R —k+1+a)), (7.4)

1-
I(th) = (1) +

AB(a )7(2( Dt B(a)X
5 WG (t, 1) Y "
Z(ﬁ((n+l—k) (m—k+2+a)—(n—k)"(n—k+2+2a))
h* K (b1, 1) a+l
—W((n+l—) —(n-k)*(n - k+1+a))) (7.5)
1-
Rip) = Rl + )7<3<n, R) + A};&)x

Z(%((ﬂ+l—k)"(n—k+2+a)—(n—k)"(n—k+2+2a/))

__h<¥7(3 (tx-1,R)

a+1 a
T +2) (n+1-kb" —(n—k) (n—k+1+a))). (7.6)

After the successful implementation of the numerical scheme on the fractional model (6.1) as
explained above, we find the graphical results of the model (6.1), by considering and assigning values
to the fractional parameter a € [0, 1], and to the model relevant parameters.

The parameters used in numerical simulations are estimated from the real data given in Table 2 for
the host-vector model and in Table 3 for the SIR model. The value of recruitment rate of host and
vector are A = 41,539.567095 and A, = 787,736.152032 respectively. The initial values of the
host-vector model 2.1 and SIR model 3.1 are given by
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(5(0),1(0), R(0), V5(0), V1(0)) = (35054487, 706;700; 556656; 33) and
(5(0), 1(0), R(0)) = (35054487;706; 700) respectively. We obtained Figure 4 with subgraphs (a) and
(b) by using the real data and its comparison with the fractional order parameter . We make a little
change in the parameter value of 5, = 1.361353 by 8, = 1.461353 and then checked for different
value of @ and observed that fractional order provide good fitting to the real data. The graphical
results for fractional SIR model (6.1) and vector host model (6.2) are shown respectively in Figures
5-8 and 9-12.
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Figure 4. Numerical results for SIR fractional model (6.1) when @ = 1,0.99,0.98 versus
data fitting Figure (4(a)) and Numerical results for Vector host fractional model (6.1) when
a =1,0.95,0.90, 0.85 versus data fitting Figure (4(b)) .

8. Conclusion

In this study, the particle swarm optimization is implemented to estimate the parameters of the
dengue transmission model using host-vector and SIR-type. The parameters of both models are
estimated using the cumulative data of dengue fever patient in East Java province, Indonesia. The
mean absolute percentage error of the host-vector and SIR model are around 7.77 % and 11.61 %
respectively. From the parameter values, the basic reproduction number of both models are greater
than one. This prediction result is consistent with the real situation, where dengue infection has not
removed yet from the East Java province. Further, we formulated the host-vector and SIR models in
Atangana-Baleanu fractional derivative due to the reason of non-singular and non-local kernel which
effectively handled the problems of real life phenomenon which is not handled by the ordinary order
derivative. Therefore, to use the advantage of the Atanagana-Baleanu fractional order derivative, the
results are obtained and discussed with the newly proposed procedure which is applied effectively to
many real life problems. The graphical results obtained for both the fractional dengue model (6.1) and
(6.2) and considered the value of @ = 1,0.95,0.9,0.85. The graphical results show that at each instant
of time level as well as at arbitrary derivative, one can obtain resealable information which is not
possible in the case of integer order derivative. We proven that the vector host model provide better
result for the dengue data rather than SIR model.
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Figure 5. Numerical result for SIR model when « = 1.
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Figure 6. Numerical result for SIR model when « = 0.95.

AIMS Mathematics Volume 5, Issue 3, 2758-2779.



2772

x10” x10°

251

Infected individuals
-
(9,2 N

Susceptible individuals
=

05
05 L . . . . . | 0
0 10 20 30 40 50 60 0
time
(@) (b)
6
12 g0 : : : : :
10

[«
T

Recovered individuals
o
-

Figure 7. Numerical result for SIR model when a = 0.9.
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Figure 8. Numerical result for SIR model when « = 0.85.
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Figure 9. Numerical result for Vector host model (6.2) when a = 1.
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Figure 10. Numerical result for Vector host model (6.2) when a = 0.95.
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Figure 11. Numerical result for Vector host model (6.2) when a = 0.9.
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