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Abstract—Modern control methods have found their way into
decentralized design of interconnected systems. Before we find
decentralized controller, we first find the centralized controller.
Centralized controller will be computed using Linear Matrix
Inequality (LMI) approach and decentralized controller will be
computed using Bilinear Matrix Inequality (BMI). The BMI
will be solved using double LMI via homotopy method which
can then be solved efficiently. Numerical example of centralized
and decentralized controller of storey building system will be
presented. The simulation results on centralized controller show
that systems with centralized /., controls have better perfor-
mance than systems without control, and simulation results on
decentralized controller show that || 7% (s) || < 7.

Index Terms—Centralized controller, Decentralized controller,
Linear Matrix Inequality, Bilinear Matrix Inequality, Storey
building systems

I. INTRODUCTION

In the natural phenomenon, many systems such as com-
munication networks, large-scale structures, power systems,
and chemical processes can be modeled as interconnected
systems with interacting subsystems [1]. The theory of large-
scale systems is devoted to the problems that arise from above
difficulties. The theory answers the fundamental questions of
how to break down a given control problem into manageable
sub problems which are only weakly related to each other
and can be solved independently. As a result, the overall
plant is no longer controlled by a single controller but by
several independent controllers which all together represent
a decentralized controller [2]. To design decentralized con-
trollers robustness is required. Control is needed to design a
controller that will stabilize the system. If the original system
is unstable, the control design is needed to stabilize the system,
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but if the original system is stable, the control design is used to
stabilize the system with other specification including desired
convergence. Many scientists have developed a robust modern
control theory of disruption and uncertainty of models such as
H, control and Linear Quadratic Gaussian (LQG) [3].

Based on [4], The control method is divided into two
categories i.e. centralized and decentralized controller. The
centralized controller is a single control system.If the system to
be designed for control is a large scale system, the centralized
control is less efficient. Because if the centralized controller
is damaged, the controller is damaged and cannot control the
whole system automatically. In recent years, modern control
methods have found their way into decentralized design of
interconnected systems leading to a wide variety of new con-
cepts and results. Decentralizing means more self-organizing,
more flexible to add and remove subsystems.

One of the modern and robust control is H,, control. In
some references [5] [6], decentralized H,, controller is com-
puted using several approaches. Many control problems that
are normally intractable and require the solution to Bilinear
Matrix Inequality (BMI) can be formulated as Linear Matrix
Inequality (LMI) which can then be solved more eficiently [7].
In [8], the authors find decentralized H., controller by using
matrix inequality approach such as BMIL.

To the best of our knowledge, there is no practical method
to solve BMI directly [9] [10] [11], so in this paper we will
solve the BMI using double LMI. For double LMI, we use
the homotopy method to find the feasible solution. Basically
homotopy method works from the easy one to difficult one
gradually [12]. We first consider a centralized H, controller
based on LMI [13], then deform the centralized H,, controller
to decentralized H., controller.
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In recent years, the technology of controlling the structure
of storey building has attracted much attention. Homotopy
method will be implemented to storey building system with 5
subsystems and we will find the decentralized H,, controller
for each storey with specified dimension.

II. H,, CONTROL

The stable and continuous time systems are as follows [6]:

& = Ax+ Bw 1
z =Czx+ Dw

where w is the disturbance input and z is the performance
output. The aim of this section is to give criteria for assuring
upper bounds of the H,, norm from w to z for Linear Time
Invariant (LTI) system [14], i.e. to show that

2 lz2<vy w2

or equivalently
Iz o<y | w 2= /[ZT(t)Z(t) — 7w’ (Huw(t)]dt <0

For this problem, the following cost function can be used

T

gz, w) =l 2 [|* —7* | w |*= 272 = y*w"w, (2)

and a quadratic Lyapunov function is chosen

V(z)=a" Pz 3)

To assure internal stability of system, it is assumed that the
Lyapunov matrix P is symmetric and positive definite (P >
0), that is 27 Pz > 0,Vz # 0. If 2(0) = 0 the La-induced
norm from w to z is less than ~ if the Hamiltonian for (1)
and (2) is negative for all = [14]:

H = V+g(w)
= iTPr+2TPi+ 272 — y?wTw
= 2TP(Ax + Bw) + (Ax + Bw)T Pz

+(Cz + Dw)T (Cz + Dw) — v*wTw

“)

In order to assure that || z ||2< 7 || w ||2 then H < 0 must
hold for all  and w.

III. LINEAR MATRIX INEQUALITY

Instead of completing the squares, the Hamiltonian (4) can
be rewritten as:
x
w

[ x r{ PA+ATP+CTC PB+CTD
w

BTp+ DTC DTD — ~2I
which shall hold for all nonzero x, w. This implies that
[PA+ATP+CTC PB+CTD}<O

BTP+DTC DTD — %1
It can be further simplified using Schur lemma with multiply-

[ <o

®)

ing by y~! and taking P = v~ P, we obtain
PA+ ATP PB cr _1
[ s _71]+[DT V[ C D<o
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yields
PA+ATP PB COT
BTP —~yI DT <0 6)
C D —I

The last one of these inequalities in (6) is linear in
(A,B,C,D) for a given P, from which we conclude that
the set of system matrices satisfying the Riccati inequality or
equivalently the LMI is convex [14]. The bounded real lemma
states an extension of these results.

Lemma 3.1: The following statements are equivalent [8§],

i Thw(s) |lo < v and A stable with T}, (s) = D +

C(sI-A)~™'B
ii there exists a solution P > 0 to the LMI

PA+ATP PB (OT
BTP —yI DT
C D —~I

<0 @)

IV. CENTRALIZED H,, CONTROLLER

The centralized H, controller is also called H, synthesis.
In this section we will study H, synthesis using LMI to get
the centralized H., controller. Suppose given a LTI system
with state-space realization [8]

r = Ax+ Biw+ Bau
= Ciz+ Dnyw+ Digu (8)
y = CQZZJ + D21w + DQQU

where * € R"». The input vector contains the disturbance
signal, w € R™», and the control signal, v € R"™. The
output vector contains the measurement signal, y € R™v,
and the performance signal, z € R™=. We assume that Doy
is zero, i.e., the system is strictly proper from u to y. The
matrices A,B1,B5,C1,C2,D11,D12, and Doy are constant and
of appropriate sizes.

The output feedback control problem consists of finding a
dynamic controller with state space equations [8]

trp = Apzp+ Bpy ©)
u = Crpzp + Dpy

The centralized controller can be rewritten in single matrix
as G as follows

Ap

o (10)

GF:[ BF]

Dr

where dimension of z is the same as x in (8). The perfor-
mance bound ~ is defined as the H,, norm of the closed loop
system from disturbance input signal, w, to the performance
output, z. The closed loop system is obtained by applying the
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controller in (9) to system (8). We can write the closed loop
system as follows.

T = (A-i—BQDFCQ)x-l-BQCFxF
+(Bl + BQDFDgl)UJ
ip = BpCyxr+ Apxp + BpDajw (11)

z = (Cl + D12DFCQ).’E + DlchfL'F
+(D11 + D12Dp Doy )w

Introduce the notation of closed loop system as follows [14]

Ac | Bei Bea

Cci | Dci1 Dciz

Cc2 | Do
A Onxn Bl 0n><n B2

= Ci Opxn | D11 | Onxn  Di2 (12)
02 On><n D21

Using the notation (12 ) and (10) into (11), we have the closed
loop system in a compact form as

tc = (Ac+ Bo2GrCo2)zc
+(Bc1 + BeaGrDeor)w (13)
z = (Cc1+ Dc12GrCe2)zc

+(Dc11 + Dei12GrDeor)w

Aci = Ac + Be2GrCoa
Bey = Bei + BeaGrDeo
Coi = Cc1 + Dc12GrCos
Deci = Do + De12GrDea
where z¢c = [ o7 af }T. The closed loop system is
internally stable and has an H., norm of « if there exists
a symmetric P = PT > 0 such that Lemma 3.1 holds or,
equivalently

PAci+ AL, P PBe  CF,
F(Gp,P) = BL,P I DI,
Cai Doy —I
0 0 0 PAc PBesr O
—lo -1 o0 |+ 0 0 0
0 0 —nI Cci Dcii 0O
PBCQ PBCQ 0 CC2 0 0
+ 0 0 0 | Gr 0 Dca1 0O
Dciz Dciz 0 0 0 0
PAc PBey 0 PBos PBos 0
+ 0 0 0 + 0 0 0
Cci Dcui 0 Dci2 Dciz O
Ceo 0 0171°
Gr 0 Dcar O <0
0 0 0
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Centralized H, controller problem can be obtained using
LMI approach such as [8]

F(Gr,P) <0 (14)

Inequality (14) is an BMI with respect to P and G, with G
has been obtained via an existing method [15] [13].

V. DECENTRALIZED H,, CONTROLLER
The N-channel LTI system described by [12] is as follows

N
i=1
N
z = Ciww+Dnw+ Y Digu (15)
i=1
yi = Cyz+ Daw

where = ,w,u;,y; and z have the same meaning as in section
IV where ¢ = 1,2,..., N represents the total channel. The
matrices A,B1,Bs;,C1,05;,D11,D12;, and Dyy; are constant
and of appropriate sizes. In this case, we assumed matrix
D3y = 0. The decentralized output-feedback control problem
for (15) consists of finding a dynamic controller with state
space equations as follows [12]

(16)

where z; € Rj;, is the state of the i-controller,n; is a
specifed dimension of local controller, and /11-, Bi, C’i, ﬁi7i =
1,2, ..., N are constant matrices to be determined.

We collect the controller state Z; and coefficient matrices
Ai,Ei,éi,and ﬁi as follows

@ = [a7 & .. %"
Ap = diag{Al,Ag7~-- ,AN}
Bp = diag{By,Bs, -, By}
Cp = diag{C1,Cs,--- ,Cn}
Dp = diag{f)l,f)g,w- ,ﬁN}
and
B, = [ By Bxn Bon |
Cy = [Ch Ch ch 1"
Di; = | Dizi Dia D1y |
Dy = [ D3, Dip D3y ]T a7

The decentralized controller can be rewritten in single
matrix

GD:[/}D ?D ]

Cp Dp
For a specified disturbance attenuation level v > 0, design
a decentralized controller in equation (16) for system (15) so

(18)
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the resultant closed loop system is stable and || T.q,(S) |lco
<.

The closed loop system is obtained by applying the decen-
tralized controller in (16) to system (15) as follows.

T = (A+BQDDC2)J;+BQCA(D£

+(B1 + BoDp Doy )w
& = BpCox+ Api + BpDayw (19)
z = (Cl + Dmf)DCQ)JZ + Dlzépjﬁ

+(Dy1 + D12Dp Doy )w

Introduce the notation of closed loop system of decentral-
ized H,, controller as follows [12]

Al B B
C1 | Diy Dy
Cy | Dy
A Onxﬁ Bl Onxﬁ BZ
Oaxn  Oaxa | Oaxr | Ta Oaxm
= Ci Opxn | Dii | Opxa Di2 (20)
Oaxn  Ia | Oaxr
Co  Ogxsn | Do

using the notation (20 ) and (18) into (19), we have the closed
loop system in a compact form as

SI

- (/:1 + BQGDOQ)i‘ + (Bl~+ BQGZDDQQQNU

z L 21
(C1 + D12GpC9)% + (D11 + D12GpDar)w @D

z =

Acia = A+ BaGpCy
Beia = B1 + BoGp Doy
Ccia = C1+ D12GpCs.
Dcia = D11+ D12Gp D2y

where # = [ 27 &7 ]T. The closed loop system is in-
ternally stable and has an H,, norm of « if there exists a
symmetric P = PT > 0 such that Lemma 3.1 holds or,
equivalently

~ pACld + Agldp [:)BC’ld Cgld
F(Gp,P) = Bgldp =1 Dgld
Ccia Do —v1
0 0 0 PA PB; 0
=1 0 —I 0 + 9 ~0 0
0 0 —’7] Cl D11 0
PB, PB, 0 C; 0 0
+ ~0 ~0 0 GD 0 21 0
Dy Dia O 0 0 O
PA PB, 0
+ 9 ~O 0
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PB, PBy 0 & o 011"
+ ~O ~0 0 Gp 0 Dy O <0
Dy Dy 0 0 0 0

The existence condition for decentralized H., controller is a
BMI with respect to variables Gp and P due to the term
PB>Gp [ Cy Dy 0 ] Decentralized H., controller
problem such as BMI problems is as follows [12]

Theorem 5.1: System (15) is stabilizable with the distur-
bance attenuation level ~ via a decentralized controller (16)
composed of 7;-dimensional local controllers if and only if
there exist a matrix Gp of (18) and a positive definite matrix
P such that

F(Gp,P) <0 (22)

VI. ALGORITHM OF HOMOTOPY METHOD

The existence condition to find the decentralized H,, con-
troller in (22) is a BMI. In BMI we will find the solution of
two variables, in this case Gp and P. Currently, there is no
practical method to solve BMI directly [9] [10] [11], so in
this paper we will use double LMI in [12] to find the feasible
solution of Gp and P. ABMIis an LMI in G p for fixed P
and an LMI in P for fixed G p. The idea for a decentralized
H, controller using homotopy method is to transform the full
order centralized H, controller at each step, we solve BMI as
an LMI obtained by suitably fixing one of the two variables,
in this case Gp and P. To use the homotopy method, we
consider a matrix function as follows [12]

H,(Gp,P,n) = F((1—n)Gr+nGp,P) (23)

where 1 € [0,1] is a real number. G is centralized H
controller as in equation (10). The term (1 — n)Gr + nGp
in (23) is defined as homotopy interpolating a centralized H
controller and a desired decentralized H, controller. Then we
can partition the matrix function in (23) into two (double) LMI
based on the 7 values as follows

F(GFv—é)v 7720

HO(GD7P777) = { F(GD,P), n= 1

For n =0, it is an LMI in P, and by using the result of Pin
1 = 0, next we have an LMI in Gp for = 1. So the problem
to find decentralized controller in (22) that can be rewritten as
follows

HO(GDapvn) < 0777 € [07 1] (24)

We need to find the solution of Gp, P at n = 0, which we
denote by (Gp,, Py).

First, we need to build a homotopy path and initial value of
Gp, and 150 to solve the BMI. Let K be a positive integer and
the points of homotopy path is (K +1), withr =0,1,2,..., K,
we have 7, /K in interval n € [0,1]. Then, set Gp, = 0
and find the solution of P, from solution of centralized H
controller F(Gp, P) < 0. If feasible, we can go to next ),
and find the Gp, by using P, := P, and so on one by one
finding the feasible G'p, and PT until 7 := K.
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To connect the matrix function in (24) to solve the BMI we
use the algorithm of the homotopy method for decentralized
H controller described by [12].

VII. SIMULATION OF STOREY BUILDING SYSTEM

In recent years, the technology of controlling the structure
of storey buildings has attracted much attention. This is done
to reduce structural response, such as speed, displacement,
acceleration, and force under disturbances that can be in the
form of earthquakes, strong winds, and other disasters. The
system to be used in the proposed research is a system of
building structures illustrated in Figure 1 [16]

Fig. 1. Illustration of a Storey Building System with n =5

In Figure 1, semi-active hydraulic dampers allocated be-
tween every two neighboring floors. The motion equation of
storey building in Figure 1 is presented in the form of a second
order differential equation as follows

Mi(t) + Ci(t) + Ka(t) = Bw(t) + Bou(t) (25)

To find the state space equation for the previous linear
continuous dynamical system we let:

T1 =T and To =T

which presents the interstory drifts x(¢) and interstory (t)
velocities in increasing order. By substituting the above equa-
tions into Equation (25), we get the following system:

1 = T2
i = —-M 'Kz — M 'Cxy+ M 'Ew+ M 'Byu

and in matrix form we have:

Z1
To

T
)
0 0
+|: M_lE :|’LU+|: M_lBO :|'LL (26)

B 0 I
| -M'K —M~C

July 2019, 9 - 10, Bandung, Indonesia

Based on Equation (26), let matrices A,B7,and Bs:

. O5x5 Isyxs . O5x1
A=l uk —mic ] B = { M~'E }
_ 05><5
By = [ M~1B, ]

where M, C, and K are matrices of the mass, dampers and
spring coefficients of the system respectively. The variable x
is a displacement vector that depends on time ¢, u is a force
vector that is controlled and depends on time ¢, and w is
an external vector of interference (for example in this case
generated from earthquakes and strong winds) which depends
on time ¢t. By and E are control force place and external
disturbance place matrices, respectively, M, C, K, By and F
are defined as follows [17]:

215.2 0 0 0 0
0 209.2 0 0 0
M =10° x 0 0 207.0 0 0
0 0 0 2048 0
0 0 0 0 266.1
650.4 231.1 0 0 0
231.1 5489 2025 0 0
C =103 x 0 202.5 498.6 182.0 0
0 0 182.0 466.7 171.8
0 0 0 171.8 3185
260 113 0 0 0

113 212 99 0 0
K =10° x 0 99 188 89 O
0 0 89
0 0 0 84 84

1 -1 0 0 O
0o 1 -1 0 O
Bp=|0 0 1 -1 0
0o 0 o 1 -1
0 0 O 1

E=-Mx[1 1 1 1 1]

The original system is asymptotically stable, so we will
design controller that will stabilize the system faster.

We employ the hinflmi Control Toolbox of MATLAB, the
disturbance attenuation level v by centralized H, controller is
3.11587. In this simulation, the disturbance is sinusoidal signal
w = 10%e~!sin(nt). Based on the simulation result, we can
summarise the velocity of motion of five-storey building in
Figure 2 as follows.

Considering Figure 2, it is clear that the proposed control
algorithm was able to prevent excessive vibration of the
structure and this reduces the internal forces in the structure.
It also reduces the damages to structures during the period of
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Motion of storey building
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Fig. 2. Simulation result of five-storey building system

earthquake. Reduction of displacement in floors and conver-
gence toward zero occurred for all of the floors as error of
state variable. Figures 2 display the displacements of all five
floors together when both under controlled and uncontrolled
forms are considered.

After we get centralized H., controller, next we will find
decentralized H, controller using homotopy method. We set
the value of v = 4 which is larger than ~ of centralized
H, controller. Algorithm of homotopy method converges with
K < 64. We find the v value in several cases on storey
building system as in Table L.

Tabel 1
THE ¥ VALUE OF EACH CASES
H oo control Order of controller ~ value
Centralized ny=ng=n3=ng4=n5 =2 3.11587
ny=ng=ng4=ns=2,ny=1 3.17894
Decentralized ny=mng=mn3 =n4 =2,N5 =1 3.17892
ny=ns =2and ngo =ngz =ng4 =1 | 3.19405

Based on Table I, we know that decentralized H, controller
disturbance attenuation level v of all cases are less than 4,
it means that decentralized H,, controllers have quite good
performance and the algorithm runs well.

We know that decentralized H., controllers cannot achieve
better performances than the best of such centralized con-
trollers but The ~ values show that the output-feedback con-
trollers computed with the methodology presented in Section
VI have a pretty good disturbance attenuation level when
compared with the centralized output-feedback controller. This
result on Table I is reasonable, because the total order or
the information of decentralized H., controllers is less than
centralized H., controllers. For this reason, decentralized
controller is more efficient in implementation for large-scale
systems.

VIII. CONCLUSION

To get a decentralized H, controller, it is necessary to have
a centralized controller first. A centralized H, controller has
been computed using LMI approach and decentralized H .
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controller is computed using BMI approach via the homotopy
method. Based on the simulation results on the storey building
system for centralized H, controller, closed loop system has
better performance than open loop system. We have found
decentralized H, controller with the initial value of v which is
larger than v of centralized H, controller. Based on the result,
decentralized H, controller have a pretty good disturbance at-
tenuation level compared with the centralized output-feedback
controller. The methodology has been successfully applied to
design centralized and decentralized H,, controllers for the
vibrational response of a five-storey building under excitation.
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