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ABSTRACT

This paper establishes necessary and sufficient condition for the boundedness of
the fractional integral operator 1,f on Morrey spaces over metric measure spaces
which satisfies the Q-homogeneous and its corollary.
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1. INTRODUCTION
We consider to a topological space X := (X, §,u). endowed with complete measure ¢ such
that the space of compactly supported continuous functions is dense in L'(X,u) and there
exists a function (metric) §: X x X — [0, o) satisfying the following conditions.

1. 8(x,y) =0ifandonlyifx = y;

2. 6(x,y)>0forall x # y,x,y € X;

3. 8(xy)=6@,x);

4. 80, y) < {6(x,2) + 8(z,y)}

for every x,y,z € X. We have an assumptions that the balls B(a,r) = {x € X:8(x,a) <
7} are measurable, for a € X,7 > 0, and 0 < u(B(a,r)) < 0. For every neighborhood ¥ of
x € X, there exists r > 0, such that B(x,r) c V. We also assume that u(X) = oo, uf{a} =
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Oand B(a,m)\B(a,r}) =0, for all a € X,0<r <r, <o, The triple (X,8,u) will be
called metric measure space [7].

X is called O-homogencous (Q > 0) such that C,7? < p(B) < C;r? where C,and
C, are positive constants |8].

Eridani [6.7] proved the boundedness theorem on Lebesgue spaces in K, and classic
Morrey spaces over quasi metric space where

)
KCZ = - d (Y)
! W(B st

with0 < a < 1.

The result of [7] can be adapted to the operator K, with doubling condition. Let 0 < a <
B. we consider the fractional integral operator I, given by

af G) = %du@)
X

for suitable f on X

The boundedness theorem of I, on homogeneous classic Morrey spaces can be proved
using J-Homogeneous. In this paper, we will prove the generalization of the boundedness
theorem from [6,7].

2. PRELIMINARIES

The following theorem is the inequality for the operator K, from LP (X, p) to L1(X,v) for the
case of Euclidean spaces.

Theorem 2.1 [6] Let (X, &, 1) be a space of homogeneous type. Suppose that 1 < p < g <
wand 0<a< %. Assume that v is another measure on X. Then K, is bounded from
LP(X, ) to £L9(X,v) if and only if

v(B) < cu®*»
for all balls B in X.

Eridani and Meshki [7] proved the boundedness = results of K,
from LP(X,1) to the classic Morrey spaces LPA(X,v,1) which is defined as a set
of functions f € LI, (X,v) such that

I£: £PA X, v, || = sups (@fglf@)lpdv'(y)); < oo,

with v is another measure on X, where 1 < p <o and A = 0. Their theorem can be
stated as the following theorem.
Theorem 2.2 [7] Let (X,6, 1) be a space of homogeneous type and let 1 < p < g < oo,
Suppose that O0<a< i, 0<A<1l-—apand 'L—z= % Then K, is bounded
from LPM(X,v,p) to L3%2(X,v, 1) if and only if there is a positive constant C such
that

1_
v(B) < Cu(B)" 7™
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3. MAIN RESULT

In this section, we formulate the main results of the paper. We begin with the case of f-
homogeneous over metric measure space.

Theorem 3.1 Let (X, S, u) be a p-homogencous metric measure space, v be a measure on X,
1<p< q<o, 1<a<p. Then I, is bounded from LP(X,p) to L9(X,v) if and only if
there is a constant C > 0 such that for every ball B on X,

v(B) < cu@) &)

Proof:(Necessity) If x,y € B(a,r) then 6(x,a) <r and &(y,a) <r thus 6(x,y) <
6(x,a) +6(y,a) < 2r thus
1 1

@< = 5 y)Pe

the above inequality implies.
B d d d
ﬂ(_)= ﬂ()’_) . ﬂ(}’)_ _ [*B®) ﬂfy)=aa13(x)
rf-a— Jp@rf-a T Jps(x,y)fe )y 8(x,y)F
r® < Cloxp(x)

1

P L3
ltaxs + £ < e 2260l = ¢ ([ xp@auco)) < cucey
X

(j Irar\t|‘?dv(x))qr <C (f |a‘,,,,c,1_f3(c)|r"dv(t))qr < C“L’rXB : Lq(v)" < Cu(B):la
B B

Thus

1 p
r®v(B)a < Cu(B)r
CO T"B < H(B) = C]_Tﬁ tl‘lllS

u(B)E < Cr®
a 1 1 1
w(B)Bv(B)e < Cr%v(B)1 < Cu(B)»
e a1l
v(B)iu(B)F » < C
Thus

2 .
Vv(B)i < Cu(B)» #
or alternatively

v(B) < cu(B)‘*'(i'%)
Sufficiency: Let f = 0. We define
s@=[  fedu)
Sla,y)<s

for every s € [0,7]. Suppose that S(r) < o, then 2™ < S(r) < 2™*! forsome m € Z.
Let

sj = sup(t: S(t) < 2/},j < m,and spyq =17
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Then (sj)itlm is non-decreasing sequence, S(s;) < 2/,5(t) = 2/fort > s; and

2/ < f f()du(y)

5;28(a,y)ssj4q
If p = lim;_,_o s;, then

8§(a,x) <r & 8(a,x) €[0,p] U U (sjrsje1ls

j=—o

if S(r) = cothenm = oco. Thus
0< f f®du() < S(s5;) <2/
§(ay)<p
for every j, thus

[ rorducy=0
day)<p

from these observations, we have
m

L(a.x)q([“f (@) dv(x) < Z

j=—00 ays

j (I f () dv(x)

6'(-:1,x)'_=s),-+1

m

fOdum)\'
< ) 4
Z fs;sﬂ(a,x}ssjﬂ (L(Q)’)ES;H S(x' y)f.?—a) V(x)

j=—w
<y [ i(i)ﬁ [ rowm) ew
j=— 5] 8(a,y)ssjeq

-sﬁ(ﬂ,x)ss“,l k=0 s_; +1

q

m 1 B-a
(Y (3}—) [ rown) @

j=—wo §(a,y)ssjyy
Using the fact that
[ rorue < sGa) sz sc| F&AE)
5(a,y)=sj4q sj-158(a,y)ss;
then, by using Holder’s inequality, we obtain
/ m : :
P 1
so®| Y [ o) dwy | ey ) o=
J==® \s;j_158(a,y)ss; sj_158(a,y)ss; SJ"
1 q
E m B
P 1—=
com(| [ coNawy) Y uEemn o=
L 5;
Sf_lia(ﬁ,y)isji J=— ]
1, 4
q(m—ﬁ) P
= cv@ (v | o0 awy

sj-1=6(a,y)ss;
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q

< cu(B)q(i'%)r‘?(“'g) f (F) dwy

Sj-1 sﬁ(a,y)ssl-

=C j o) dwy

sj_158(a,y)ss;

Thus
Hof = LIMI < CIIf = LP@I

Next, using the modified condition for measure v, we obtain the following result.
Theorem 3.2 Let (X, §, 1) be a Q-homogencous metric measure space, v be a measure on X,
l<p<g<ow l<a<p —5. Then I, is bounded from LP (X, p) to L9(X,v) if and only
if there is a constant C > 0 such that for every ball B on X,

v(B) < crlbaz)a

with p' = pri

Proof. (Necessity) Suppose that I, is bounded from L? (X, ) to L9(X,v) thus

Waf : LIV <CIf = L2, wl

Ya
( f |faf|‘=“dv) sc:( f If(x)l*’du)
X X

f = xp where a € X ,r > 0 then

\ Y ) 1,
(flI“XBI dv) SC(I |x3| a‘pt)
B B

Y,

q
() ) s
B B '

r*Pu(B)v(B) /1 < cu(B) '
v(B)'/a < cu(BYr rh-a

Hence,
1
/p

Because p’ = p%l and Cp ¢ < p(B) < C,r?then

2/ i B-a
v(iB) "4 < Cr ?'r
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v(B) < crilb-a3)

Sufficiency. Let f = 0. Forx, a € X, next we consider the notation

S(a.x)}

2a,

]

E (x) = {y: 8(a,y) <

) '
E2G0 = [ 2o

< 68(a,y) < 2a,8(a, x)};

2a,

E3(x) = {y: 6(a,y) > a;8(a,x)}.
Thus

[ @) aveo
X

q
<c f (f |f(y)|6(x,y)“-ﬁdu(y)) dv(x)
X \VEy(x)

wef (]

2

q
()If(y)lﬁ(x.y)“‘gdu(y)) (D
g q
+C f (f If(y)lﬁ(x.y)“‘ﬁdu(y)) () =S, + S, + S,
x ey

If y € E;(x). then d(a, x) < 2a,a,6(a, x). Thus obviously

q
S =f U If(y)lf?(x-y)“‘ﬁd#(y)) dv(x)
S(ax)<r \WE;(x)
q
<c| (f |f(y)|6(x,y)“-ﬁdu(y)) dv(x)
B \W§(a,y)<b(ax)

q
<c f 5(a, x)7@P) ( j If(y)ldu(y)) dv(x)
B §(a,y)<é(ax)

Thus we have

f 5(a, )1 Pdy(x) = Z[ (ﬁ(a,x)"(“_ﬁ)dv(x))
&(a,x)zt =0 /B(a,2k+1t)\B(azke)

<c Z(z’fc)q(“-ﬁ’)v(s),: Ctaa=By(p)

n=0

which implies

f 109)du(x) < Cu(B)
Sla,x)st
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Thus

sup ( J' (a-p) y (1-») P
6 (a, x)9 dv(x) 1V P ldu(x)
a€X,t >0\ syt Sa,x)st

S 1
< (ce?@Py(B))* Cu(B)”
< Ct(“—ﬁ)Ct(‘e 2)% %) = c <
Now., using theorem C in [9], we have
q/p
si<c ( | If(y)l"du(y)) < Ul
B

Next, we observe that if §(a,y) > 2a,6(a, x), then 6(a,y) < a;6(a, x) + a,6(a,y) <
é(a, y)/2 + alﬁ(x ¥). Thus 8(a,y)/2a; < &(x,y). Implies. using the condition  v(B) <
(p-a-F;

Cr , then
[fO)I :
ss<c| (f e du(y)) dv()
’ B(a,r) \Wé&(a,y)=68(a,x) 6(a, }’)ﬁ @

Fo) '

)

= f Zf 5 f(VB () | dv(x)
Blar) \ 1= az"”é(ax) \B azka(ax)) (a,y)

=C IfODIP du(y)
B[a,r)I; fe(a.zkﬂata,x)) FOF

119

8(a, )P )”"dﬁ(y))p dv (x)

X
(—L(a,z’“‘16(a.x))\8(a,2k5(a,x))

e

1 q
SC“f”E"(X.u)L( )(Z(Zkﬁ'(a,x))“-ﬁ (;{B(ﬂ-zkﬂﬁ(a,x)))p) dv(%)
@r) \k=0
w q
B( )(Z(zka(a'x))rﬁr%) e
ar) \k=%

< ClEper, |

Qq
= Cllf o or @ P0r 7 v(B)

= C"f"f;p(xju)
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Hence, we conclude that

S3 < CIIfIIEp(M)

To estimate S,, we consider two cases. First assumption is thata < f§ — g. The hypothesis

§ = s 4 — 2 . 2 * = pQ < *
on the theorem a > 0 which implies 0 < a < [ o Given p sy then g < p”.
First assumption g < p"and suppose that
Fy = {x: 2% < 8(a, x) < s**1};
2k—2
Gy = {yz — <4 y)\alz"“}-
1,
Assume that %'. using Holder’s inequality, we obtain
q
=] ([ ronewn raw ) we
X Ez(x)
q
=y [ ([ ronswne ao | ave
keZ Fi Ez(x)
q
: N
P . p-q
o »
SV roms@orao | ae | ([ FHaw)
kez Fi Ez (I) Fp

q

<Y v@' 7 ([ (1 (1)) o)

keZ

=

<cy V(B)%( FO)IP du(y))”
Gy

keEZ
Where
p —*qzl_i*
p p
_,_ 306B-0)-pe+Q)
pQ
Qlpg+p—q) q
=== ° Tig-2=0
rQ & p
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q
< c( If(y)l”d#(x))p
Gy

< Iy

if ¢ = p”. thus, we have

q
5, = j j F I 8Ce ) Pau(y) | dux)
X\ YE;(x)

.
=c), L (Lzmlf SALICA2 ke du(y)) dv(x)

e ([ (i) dv(y))p.

keZ

q

<c) ( FOIP du(x))p
Gk

kEZ

X
< C( If(y)lpdu(X))
Gy

< ClFN o x

Ifa>p— % . using Holder's inequality, we obtain

a 7
5, < f U (f(y))pd#(y))p ( j a(a.x)(“-mp'dw)) )
X \JEy(x) E5(x)

thus we have

Lz(x)a(a'x)(“_mpld“ )% [ u(B(as@n) nfyiscy) <457} aa

S(ax)@-Hp s
< f u(B(a,8@@0) n {yw(x, y) < A(—a-ﬁ)p'}) i
0

* f g (B(a. 8(a,x)) N {yw(x. y) < A(a—m»’}) da
&(a,x)@=Bp

o

1
< C8(a, x)@Pw 4 f @B dA = C5(a, x)2+@ B

Sa )@’
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where the positive constant C is independent of a and x. Hence, using Holder's inequality,
we obtain

= e

q
L 8

P

5, < j f 8a, )P du(y) j FOIPdu®) | dvx)
x\JEx) E

2(x)

q
-q p
sz 5,07 () f FOIPdu) | dvy)

kEZ Fi E3(x)

a a

)4
< e - ’”"‘)( If(y)l”a‘u(y)) (j If(y)l”dn(y))

< Clf I Epcx

The proof is complete.

The similar results concerning the boundedness properties of the fractional integral
operator [, on the classic Morrey spaces using Q-homogeneous melric measure space is
obtained by the following theorem.

Theorem 3.3 Let (X,d,u) bea Q -homogeneous metric measure space, v be a measure on X,

1<p<g<m 1<a<f-2,0<2< ﬁ”. and ‘i;:;:% . Then I, is bounded from
£p'%j(X L) to Lq‘iﬂz(){ ,v) if and only if there is a constant C > 0 such that for every ball B
on X,
v(B) < crlPa=ii)a
with p' = pri

QA
Proof: (Necessity) Suppose that I,is bounded from LPF (X, 1) to £L3%2(X,v) which implies
that

QA
af: £% (X, )| < € ” £LP76 (X, p)”

Thus

=

o f1? dv(X)) |fGOIP dpu(x)
( (B);l f (B) 3 X

f == xg where a € X and r > 0 then
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d »
(s [Hemse 100 ) < 12660 17 )
) J’ u(B) f

i

1 XB q = % %
(ﬂ(B)lzL(,’;ﬁ(x,y)ﬁ-ad‘u(y)) dV(x)) < Cu(B) »# u(B)

W(BY T 15 u(B)V(BYT < Cu(B) PF u(B)

Because p' = -2, 20 = 2 and €y < () < €7 then

1 S
v(B)1 < Cu(B)P' r*F
1 _Q
v(B)T < Cr pyP-a

v(B) < Cr(ﬁ_a_i%)q
Sufficiency. Given arbitrary ball B on X. Suppose that B := B(a,r) and B := (a,2r) and
fE LP'QTM()J). we write
f=h+fr=fyt fuge
1

Ify: £l = ( j FOIP du(x))
B

o=

Q1
= u(B) Fr % IfCOIP du
u(B) # 78

Q43 Q41
< u®B) ||f: P77 (x, u)"

if fi € LP(X, 1), and using Theorem 3.2, it is obvious that

1 1

(,u(B)‘lzj““fll dv(x)) < u(B) a (J’“afllq dv(x))

Az
< u(B) T e fi: LIV

A
< cuB) 7N f: LP Wl
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_A2 _Q4 p%
< cu(B) T u@®) |17 )|

o
<c|pe T o)

further we will prove,

efa ()| = L &du(yﬂ

(x,y)=zr 5(}{, y),(i’—a

8Cx,y)Pe

3 If I
= E , = )
k=0 L"rsé‘(x.y)s 2k+1, 6 (X, y)F

< i (ler)B L e NG

lf )
< ——d
—L(x,y)zr ‘u(y)

q

oo
1
<cy(] reorduo) | | | 1) | 3
oo \ /S xy)2ktir §(x,y)s2k+1y r

oy
< Cu(B)Fr

i - PR |
.rPE k+1
frL7#f (X, #)” kE_D#(B(xJ 7)) (2kr)f-a

@u ey ok
= w(BY P r@Pror|\f: L7 (X,uJ“

Then

1
Ay eny

1 7 i o
( J ”“fz("”“dv(x)) = CY(BYIU(BY @ W(B) P r Py
B

LB f:LP,%(X,u)"

_ ol o2
=cllf:e"m ot my

The proof is complete.

Q
. L A . . -a-
The condition QB; = ?zls interchangeable to the condition v(B) < criP~* Yet, the

following theorem is hold obviously.
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Theorem 3.4 Let (X, J, 1) be a Q -homogeneous metric measure space, v be a measure on X,
—a-2
1<p< g<oo, 1<a<ﬁ—§,0 <A <% and v(B) < Cr(‘g “ p')“ with plzp_: .
(258 Az
Then I, is bounded from P er (X, ) to £%a (X, v) if and only if there is a constant C > 0
such that for every ball B on X,
Q22

B q

When Q = . the previous theorem implies the following corollary.
Corollary 3.5 Let (X, 6, 1) be a p-homogeneous metric measure space. v be a measure on X,

Ay
0 < 44 < % 1< p< g and %='L—z . Then I, is bounded from £p‘v(X,u) to

A2
£%a (X, v) if and only if there is a constant C > 0 such that for every ball B on X,

v(B) < Cu(B)q(%_%)

Corollary 3.6 Let (X, 6, 1) be a f-homogeneous metric measure space. v be a measure on X,

1 @
0 < A, < % 1<p<f andvd< Cu(B)q(E_ﬁ). Then I, is bounded from

a
M Az
L% (X, 1) to LY (X,v) if and only if there is a constant C > 0 such that for every ball B
on X,

4. CONCLUSIONS

Through our work we have been able to extend the known results for the classical fractional
integral operator [, to the boundedness of with measure ¢ and v on Morrey spaces over Q-
homogeneous metric measure space. Our results not only cover the known results for I,. but
also enrich the class of funtions of @, 1, and A, for which the operator /, is bounded from the

o1,
classical Morrey space L7 # (1) to L%%2(v), on (-homogencous and the corollary I, is
bounded from the classical Morrey space LP*1(u) to £L%*2(v), on f-homogeneous.

COMPETING INTERESTS

The authors declare that there is no conflict of interests regarding the publication of this paper

AUTHOR’S CONTRIBUTIONS

The author read and approved the final manuscript.

ACKNOWLEDGMENTS

This research article was developed with a certain purposes related to doctorate program.

FUNDING

This research is supported by Universitas Airlangga Research and Innovation Program 2018.

http://www .iaeme.com/IJCIET /index.asp editor@iaeme.com




The Fractional Integral Operators on Morrey Spaces Over Q-Homogeneous Metric Measure Space

REFERENCES

[1] Petree, J.: On the theory of Ip spaces. J. Funct. Ana 4, 71-87 (1969).

[2] Adams, R.A.: Sobolev spaces. In: Pure and Applied Mathematics. Academic Press,
London (1975).

[3] Chiarenza, F., Frasca: Morrey spaces and hardy-littlewood maximal function. Rend. Mat
7(1)..273-279 (1987).

[4] Nakai, E.: Hardy-littlewood maximal operator, singular integral operators, and the riesz
potential on the generalized morrey spaces. Math. Nachr 166, 95-103 (1994)

[5] Eridani, Gunawan, H.: Fractional integrals and generalized olsen inequalities. Kyungpook
Math 49(1), 31-39 (2009).

[6] Edmunds D, V.K., Meshky, A.: Bounded and compac integral operator. vol. 543, (2002).

[7] Eridani, V.K.. Meshky, A.: Morrey spaces and fractional integral operators. Expo. Math
27(3), 227-239 (2009).

[8] Nakai, E.: On generalized fractional integrals in the orlicz spaces homogeneous type.
Scientiae Mathematicae Japonicae Online 4, 901-915 (2001).

[9] Kokilashvili, V., Meshky, A.: On some weighted inequlities for fractional integrals on

non-homogeneous spaces. Mathematics ad It’s Applications 24(4), 871-885 (2005).

http://www .iaeme.com/IJCIET /index.asp editor@iaeme.com




THE FRACTIONAL INTEGRAL OPERATORS ON MORREY

SPACES OVER Q-HOMOGENEOUS METRIC MEASURE
SPACE

ORIGINALITY REPORT

22, 5., 205  Ow

SIMILARITY INDEX INTERNET SOURCES PUBLICATIONS STUDENT PAPERS

PRIMARY SOURCES

Operator Theory Advances and Applications,
2016.

Publication

[£

Tan, J., and J. Zhao. "Fractional Integrals on
Variable Hardy—Morrey Spaces", Acta
Mathematica Hungarica, 2015.

Publication

3%

Tomasz Adamowicz, Michat Gaczkowski,
Przemystaw Goérka. "Harmonic functions on
metric measure spaces”, Revista Matematica
Complutense, 2018

Publication

2%

Vakhtang Kokilashvili, Alexander Meskhi,
Muhammad Sarwar. "Two-weight norm
estimates for maximal and Calderon—-Zygmund
operators in variable exponent Lebesgue
spaces”, Georgian Mathematical Journal, 2013

Publication

1o




&

bmccomplementalternmed.biomedcentral.com 1 .
Internet Source A)

Enzo Vitillaro. "Global existence for the heat 1 o
equation with nonlinear dynamical boundary °
conditions", Proceedings of the Royal Society

of Edinburgh: Section A Mathematics, 2007

Publication

Gunawan, Hendra, Denny |. Hakim, Kevin M. 1 o
Limanta, and Al A. Masta. "Inclusion properties °
of generalized Morrey spaces : Inclusion

properties of generalized Morrey spaces”,
Mathematische Nachrichten, 2016.

Publication

link.springer.com 1 .
Internet Source A)

journalofinequalitiesandapplications.springeropen.CO|11 y
(0)

Internet Source

RN
(@)

boundaryvalueproblems.springeropen.com 1 "
(0]

Internet Source

—_—
—

Stefan Samko. "On Some Classical Operators 1 o
of Variable Order in Variable Exponent °
Spaces”, Analysis Partial Differential Equations

and Applications, 2009

Publication

-
N

David Bate. "Structure of measures in Lipschitz 1 Y
0



differentiability spaces”, Journal of the
American Mathematical Society, 2014

Publication

Zoltan M. Balogh, Jeremy T. Tyson, Kevin 1 o
Wildrick. "Dimension Distortion by Sobolev °
Mappings in Foliated Metric Spaces", Analysis

and Geometry in Metric Spaces, 2013

Publication

"Proceedings of the Second ISAAC Congress”, 1 o
Springer Nature, 2001 °
Publication

Persson, Lars-Erik, Natasha Samko, and Peter <1 o
Wall. "Calderén—Zygmund Type Singular °
Operators in Weighted Generalized Morrey

Spaces"”, Journal of Fourier Analysis and

Applications, 2015.

Publication

Exclude quotes Off Exclude matches Off

Exclude bibliography  On



THE FRACTIONAL INTEGRAL OPERATORS ON MORREY
SPACES OVER Q-HOMOGENEOUS METRIC MEASURE
SPACE

GRADEMARK REPORT

FINAL GRADE GENERAL COMMENTS

/O Instructor

PAGE 1

PAGE 2

PAGE 3

PAGE 4

PAGE 5

PAGE 6

PAGE 7

PAGE 8

PAGE 9

PAGE 10

PAGE 11

PAGE 12

PAGE 13

PAGE 14




	THE FRACTIONAL INTEGRAL OPERATORS ON MORREY SPACES OVER Q-HOMOGENEOUS METRIC MEASURE SPACE
	by Eridani Eridani

	THE FRACTIONAL INTEGRAL OPERATORS ON MORREY SPACES OVER Q-HOMOGENEOUS METRIC MEASURE SPACE
	ORIGINALITY REPORT
	PRIMARY SOURCES

	THE FRACTIONAL INTEGRAL OPERATORS ON MORREY SPACES OVER Q-HOMOGENEOUS METRIC MEASURE SPACE
	GRADEMARK REPORT
	FINAL GRADE
	GENERAL COMMENTS
	Instructor




