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On Morrey Spaces
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Abstract. In this paper, we shall discuss about Bessel-Riesz operators. Kurata et al. have investigated their boundedness on gen-
eralized Morrey spaces with weight. The boundedness of these operators on Lebesgue spaces and Morrey spaces will be reproved
using a different approach. Moreover, we also find the norm of the operators are bounded by the norm of the kernels.
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INTRODUCTION

Let0 <vy,0 < a <n and define
Loy () = f Koy (x=3) f 5 dy
Rn

for every f € L;; . (R"), where p > 1, Ky y (x) := (ﬁﬁ x € R" . Here, K, , can be viewed as multiple of two kernels,
Koy (x) = J,, (x) Ky (x) for every x € R". In [1], J, and K,, are known as Bessel kernel and Riesz kernel. So, K, is
called Bessel-Riesz kernel and I, ,, is called Bessel-Riesz operator.

For y = 0, we have I,o = I, (is called fractional integral operator or Riesz potential [1]). Studies about I,
were started since 1920’s. Hardy-Littlewood [2, 3] and Sobolev [4] proved the boundedness of I, on Lebesgue spaces
through the inequality [|1, f1l,s < C, lIfll, . for every f € LP (R"), 1 < p < %, and é = % -e

For 1 < p < q, the (classical) Morrey space LP4 (R") is defined by

LP9 R :={f € L) ((R") : |l < oo,

loc

1
where [|fllg 1= SUP,sqgern /171D ( flx—al<r If (0P dx) "? We have an inclusion property for Morrey spaces
LI (R") = L9 (R") C L7 (R") € LY (R™).

On Morrey spaces, Spanne [5] has shown that I, is bounded form L9 (R") to LP>%2 (R") for 1 < p; < q; < g,
1 _1 _a L1

o T T and a T a % Furthermore, Adams [6] and Chiarenza-Frasca [7] obtained a stronger result.

Theorem 1 [Adams, Chiarenza-Frasca ] If 0 < a < n then we have

Wafllprme < Cprg I llpa s

for every f € LPY9 (R") where 1 < p; <q; < 2,1 =L (1 - %), and + =

1l _a
a’ py P1 n '8 q1 n’

Meanwhile, we have |I(W f (x)| < o f (x)], for every f € Li} - (R"). Using this inequality, I, , is bounded on these
spaces. In 1999, Kurata et. al [8] have proved that W - I, is bounded on generalized Morrey spaces where W is a
multiplication operator. Here, we shall discuss about the boundedness of /,, on Lebesgue spaces and Morrey spaces.
We shall see the influence of K, , for the boundedness of I, ,.
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PRELIMINARY RESULTS

We can see that the Bessel-Riesz kernel vanishes faster at infinity than that the Riesz kernel. From this fact, we
can show that the kernel of Bessel-Riesz is a member of some Lebesgue spaces. We begin with the following lemma.

(R

Lemma2  Ifb>a> 0 then zkez (e e

————— < oo, foreveryu > 1 and R > 0.

Proof. Let b > a > 0, so that b — a > 0. We write ) iz (](_tk}:l)e)b Yl (](Z l:])e) + Qi ((u k;) Next, we estimate

i (1(1;11) < 1;:“;1< kR) < ooand Y7, (l(u Ifz)e)” <3 0( ) < o0. Hence, we obtain )7

Lemma 2 is useful to prove the membership of K, in some Lebesgue spaces.

(wR)’

— <
(1+L¢/"R)b

co. H

1
k p\(@—mt+n \ 1
Theorem 3 If0<a<nand0 <y then K,, € L' R") and HK(W”L, (Zkez (ili)Z"R)” ) Jor oo <1<

Proof. Suppose - Jw

. |(a n)t r((y n)t+n—1 r(a/ n)t+n—1
K, d f =C; ———dr=0C f ————dr, C;>0.
fRn' rOfdy TR M Ew DI Y v

<t< ﬁ where 0 <y, 0 < @ < n, so that (@ — n)t + n > 0. For arbitrary R > 0, write

(a—n)t+n -
t 1 _ - _ 2I<R) _ Cl(z(a n)/+»171)
Koy O] dy < C1 Sz WLkRSr<2k+1R raemen=lgy = Cy ¥ier 2Ry Cr = o and

(@=n)t+n a-n)t+n_
1 C 1 (a—n)t+n—1 _ (2kR) _ G (2( 1)
j]l‘gn le,y (y)| dy 2 2t ZkEZ (1+2kR)y[ £kRSr<2k+1R r dr = C3 ZkEZ (1+2kR)w s C3 = 2%[(a-n)ttn] ° Therefore

' (sz)((Ifn)Hn . n _
fRn le (y)| dy « Yiez TR for every R > 0. Using Lemma 2, take ¢ € ( ) choose u = 2, and de-

n+y—a’ n—a

k p\(@—nt+n
finea := (@ —n)t+n, b :=yt. We get Yz %Iz—m),, < oo, Hence K,, € L' R"). m

In this study, the membership of K, ,, in Lebesgue spaces is an important result. With the result, we can use Young
inequality [9] to prove the boundedness of I, on Lebesgue spaces.

Theorem 4 (Young’s inequality) Let 1 < p,q,t < oo satisfy é +1= % + % then we have

llg * fllze < Ngllz 1AL
for every g € L' R"), f € L” (R").
Corollary 5 For0 <a <n,y >0, we have

Iar £l < |IKai|l,, 1110

forevery f e LP (R") where l < p <t <t<——+1——+%.

’ n+y @ n-a’ q 4
By the above corollary, we can say that /, ,, is bounded from L? (R") to L? (R"). Moreover, norm of kernel Bessel-Riesz
dominates norm of I, , f. Consequently in Lebesgue spaces, we obtain ||I(,,7|| < ||Kw|| -

We shall extend the boundedness of /,, on Morrey spaces, but Young’s inequality is not available on Morrey
spaces. Using the Hardy-Littlewood maximal operator M, the boundedness of I, can be reproved on Lebesgue spaces
and Morrey spaces. The operator M is defined by

MF ()= sup o f f O)ldy.x € R",

B |BI
for every f € LZ) . (R") where |B| denotes Lebesgue measure of ball B = B (a, r) (centered at a € R" with radius r > 0).

The supremum is taken over all open balls in R”. It is well known that the operator M is bounded on Lebesgue spaces
(L? R™), p > 1) [1, 10] and Morrey spaces [7].
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MAIN RESULTS

In this section, we are going to discuss about the boundedness of the Bessel-Riesz operators on Morrey spaces.
In the previous section, we have K, € L' (R") where - +«/ —~ <t < == and the inclusion property of Morrey spaces,
s0 K, € L™ (R") where 1 < s < . Accordingly, we have the following theorem.

Theorem 6 Let 0 < a < n, 0 <y, then we have

oy fll e < v ||Ka,y||b.,, 1Al
for every f € LPV1 (R") where | < p; <q; <t

L1 _ 4 gnd A

—1_1
= =

1
n—a’ p P1 pit”’ '3 Q1

n+y - <1< ﬁ, 1<s<tLletfelLlr?(R"), 1< p <q <t.Forevery

x € R, write o, f (x) := [ () + o (0 where [y (x) = [ KEiiPdvand b (0 o= [ KdiPdy, R > 0. To
estimate /; and /,, we use dyadic decomposition. Now, estimate /;

Proof. Suppose 0 < @ < n, 0 < y and take

n

—00 2kR -

sz a—-n+n/s sz n/s'
hGl < & Z a +2kR)y LR<lx_yl<2kHR|f(y)|dy< C2Mf () Z %) (2%

(1 +2¢R)”

k=—1

By using Holder’s inequality, we get

o (sz)(<y—n)s+n 1/s - Vs
I ()] < C3Mf(x) k;m (,Zl(sz)n]

1/s
(foper Ky =01 )
Rn(1/s=1/1)

< CiMf(x) RIOPTIOR < Cy[|Kao |0 MF )R

Holder’s inequality is used again to estimate /,:

n

) 2kR o 00 (sz)a—n oy 1/p1 o\,
I < C dy<C —_— ! 2°R .
12 ()] SZ (sz f2 copeang MDY 5; TR ( f2 s y) (2°R)

Next, we write

a—=n)s l/s
o £\ n+n—n/q; (f d )US ( = )|( ) dy)
hkR< k+1R y ER<|x|<21R (1+|x—y))”*
LI < Collflpm | ( 1) S = < Gl Z PRy FE——
= (+2R) (2*R) =0 (2*R) (2*R)

and we obtain |12 ()C)l < C6 ”f”Ll’l"fl ”K‘YQ’”L.\-J Z[c:ozo (ZkR)'l/t'fn/‘II

< C7||Kay || s 1l R™VF=1/40 . Summing the two
estimates, we get |Ia)7 f (x)| <C “Ka,y

I (Mf R + 1| fllppran R"/"’"/q') , for each x € R".
Assume that f is not identically 0 and M f is finite everywhere. Choose R > 0 such that R4 = Wllpran

M) . We get
‘Ia,yf (x)| <C “Ka,y Lt ||f||zlp/,f;] Mf (x) /", Deﬁne = (tp][q,‘) and qlz = ql—l — L. For arbitrary r > 0, we have

1/p2 (1/p2)
( f | |10,yf(x)|”2dx) < C||Kao e ||f||};{,’.;/”2( fl ‘ IMf ()P dx) .

Divide by 7"/P>~"/%> and take supremum to get

(f\x|<r |Ia,7f ()C)|p2 d)c)l/p2
sup

0 yhpa=n/qy

“I"J’f | | Lp2:a2

(fx|<r IMf (x| d )< /p2)

i/ p2—n/qy

IA

C” a,y

1-p1/
L AR s = C||Kay
r>0

/ /p2
I V[ 1 7 e
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Using the boundedness of M on Morrey spaces (Chiarenza-Frasca’s Theorem [7]), we obtain an inequality

”Ia,yf”m,qz <Cpa ”K(m/ Lot I Npprar - @
By Theorem 6 and the inclusion property of Morrey spaces, for 1 < s < ¢, we have

oyl sr < Cpran (| Ko ||oc 1Al < Copgy | Kl 1N

n n

where — = <! <% We also obtain % = 'q’—I‘. It is similar with Chiarenza-Frasca’s result for the boundedness of

fractional integral operators on Morrey spaces.

CONCLUDING REMARK

From the results of this study, we have seen that the norm of the Bessel-Riesz kernel dominates the norm of I, f
for every f in Morrey space L”9 (R") (p and ¢ are suitable numbers). Moreover, using K, , € L* (R"), 1 < s < 1,
~ +;_n <t < -2, the norm of the Bessel-Riesz kernel is closer to the norm of I, f than using K,, € L' (R"). In the
future, we shall continue this study to prove the boundedness of generalized Bessel-Riesz operators on Morrey spaces
and generalized Morrey spaces.
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