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FRACTIONAL INTEGRAL OPERATORS IN
GENERALIZED MORREY SPACES DEFINED ON METRIC
MEASURE SPACES

ERIDANI AND Y. SAWANO

ABSTRACT. We derive some necessary and sufficient conditions for
the boundedness of fractional integral operators in generalized Morrey
spaces defined on metric measure spaces.
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1. INTRODUCTION

In the present paper we consider the boundedness of the fractional in-
tegral operators on metric measure spaces (X, p, ). By this we mean that
(X, p) is a metric space and p is a Borel measure. By generalizing the under-
lying measures, we seek for a better understanding of the fractional integral
operators. It seems that Morrey spaces can describe the boundedness prop-
erty of fractional integral operators very precisely. The most fundamental
result of this field is due to Adams [1]. Nowadays there are series of papers
that describe the boundedness property of fractional integral operators by
means of (generalized) Morrey spaces (see for example, [5, 4, 7, 10, 15, 17]).
The boundedness of fractional integral operators defined on nonhomoge-
neous spaces on R” was established in [8] and the same problem on general
nonhomogeneous spaces was investigated in [9]. A remarkable progress on
function spaces on metric measure spaces was made a decade ago, starting
from the papers [11, 18, 19].

To describe our setting, we need some notations. Denote by B(X) the
set of all open balls in X. Throughout the present paper we postulate the
following conditions on ¢: Here and below we denote by B(a,r) the open
ball centered at a and of radius > 0. For a ball B := B(a, ), we sometimes
write ¢(a,r) := ¢(B). In what follows the letter C' will be used to denote
constants that may change from one occurrence to another one.
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(¢1) A set function ¢ : B(X) — [0,00) is almost decreasing. Namely,
there exists a constant C' > 0 such that ¢(Bz) < C¢(By) for all
balls Bl and BQ with Bl Q BQ.

(¢2p) Let 1 < p < co. The function ¢ and the measure p are related as
follows: there exists a constant C' > 0 such that ¢(B1)Pu(B1) <
C ¢(B2)Pu(Bs) for all pairs of balls By, By such that B; C Bs.

As a direct consequence of (¢1), there exists a constant C' > 0 with the
following properties:

C_1¢(a7 2lr) < ¢(a7t) < C¢(a,r)7

<C

2r
C gla,2r) < / A1) 1 < 0 gfar)

forall 0 <r<t<2randacX.

In the present paper we place ourselves in the setting of generalized Mor-
rey spaces on homegenous or nonhomogeneous spaces.

We say that X := (X, p, u) is a homogeneous metric measure space if p
satisfies the doubling property. That is, there exists a constant C' > 0 such
that for every balls B := B(a,r),

(Dp) p(Bla,2r)) < C p(Bla,r)).

Otherwise, X := (X, p, 1) is said to be a nonhomogeneous space.
If we are given a function ¢ : B(X) — [0,00), we define the generalized
Morrey space Li(v, 1) as the set f € Lj (v) satisfying

loc

e s L (L [P < o
I 22wl = e (o B/ fPat)) <.

The measures p and v are necessary for the definition in order to cover
plausible weighted settings. If y = v, then we abbreviate Ly (v, u) to LY (k).
As a starting point we prove the theorem, ensuring that L% (1) is not empty.

Proposition A. We write By := B(ag,r0). If i and ¢ satisfy (¢1) and
(Du) respectively, then we have

1
m < ||XBo iLZ(H)H <

for some universal constant C' > 1.

C
#(Bo)

Generalized Morrey spaces are nowadays not for the sake of generaliza-
tion, but for its own sake. They come naturally into play for potential
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theory. The classical Morrey space M, ((R™) with 1 < ¢ < p < oo is
defined as the set of measurable functions endowed with the norm

1

la,, = sup |QI% ( / If(w)lqu) " 1)
QeD(R") 5

where D(R™) denotes the set of dyadic cubes in R™. Let 1 < ¢ < p < oo.
Then there exists a positive constant C), 4 such that

[ 1#@de < Cpulal+ 1) 1os (e + )0 = )%,
Q

holds for all f € M, ,(R™) and for all cubes Q € D(R").
Let 0 < r < oo and @ : [0,00) — [0,00) be a suitable function. For a
function f, locally in L, (R™), we set

1
1 . T
Flase = s a(6Q)( g7 [l de)
QeD(®R") Q)
Q
where £(Q) denotes the side-length of the cube . Thus in words of this
generalized Morrey norm, by letting

&(t) =t"(1 th")_% <log (e + ;))1 for ¢ € [0, 00),

and taking (1) into account, we have

||fHM¢>,1 < Cpyq H(l B A)%fHM,,,q'

See [16] for details.

This paper is organized as follows: We place ourselves in the different
settings in each section. In Section 2 we investigate the function spaces
endowed with a doubling Radon measure and investigate the boundedness
of fractional integral operators in generalized Morrey spaces. In Section 3
we consider the fractional maximal operator on a metric measure space with
a doubling Radon measure. Finally, in Section 4 we place ourselves in the
setting of a metric measure space with a general Radon measure satisfying
the growth condition. Our result is concerned not with the one in [1] but
with the one of the paper due to Spanne. Note that the result due to Spanne
is contained in [12].

2. MORREY SPACES ON HOMOGENEOUS SPACES

In this section we prove Proposition A and discuss fractional integral
operators in Morrey spaces on homogeneous spaces (X, p, p).
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Proof of Proposition A. It follows immediately from the definition that

1 (M(BHBO)>1/p _

HXBO : Lg(;;)! = sup

BeB(X) #(B) w(B)
L (m(BNBlaog,ro) |
~ Bestx) ¢<B>< u(B) > '

Although B in the sup above runs over all the balls, we do not have to take B
into account unless B N By # (). Keeping this in mind, we let B := B(a,r)
be such a ball. If » < rg, then a geometric observation shows B(a,r) C
B(ag, 3rg). Consequently, by the doubling property of u,

w(B(a,r)) < u(B(ao, 3ro)) < pu(B(ag,4ro)) < Cu(B(ao,10))
and

1(B(ao, 3ro)) > pu(Bo).
So, by (¢1) and (¢2p) together with the doubling property of u, we have

1 (uw(BNB)\"" 1 c c
a5 E) S wE S wEe SaE @
Suppose now that 7y < r. Then we have By C 3B and
n(3B) < u(4B) < Cu(B).
Consequently, by virtue of (¢2p) we have
1 (pBNB)\" _ 1 (uB)\_ O (u(Bo)\?
w5 Er) <wmlam) <amaos) S

< )
= ¢(Bo)

Inequalities (2) and (3) yield the upper bound of |x5, : L5 (4)||-
Meanwhile, if we let B = By, then we obtain the left-hand side inequal-
ity. (]

Consider, for 0 < a < 1, the following fractional integral operator

Kof() = / Fu(Bla, pla, ) duly).
X

For the related definitions of this type of operators, we refer to [13, 14]. In
particular, the following theorem holds (see [3, Theorem 6.2.1]).

Theorem A. Suppose that 1 < p < q < oo and 0 < « < 1/p. Let u and
v be Radon measures on X. Then K, is bounded from LP(X, u) to L9(X,v)
if and only if there exists C > 0 such that

v(B) < Cu(B)1/r—)
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for all balls B.
In analogy with Theorem A, we prove the following result below.

Theorem B. Let 1 <p < g <oo and o € (0,1/p). Assume in addition
that: 1/p—1/q = a, that ¢ fulfills (p1) and ($2p) and there exists a constant
C > 0 such that

C~'(B) < u(B)~ Y1t /P¢(B) < Cv(B) (4)

and

oo

[ b

T

¢(a,t)

; dt < Cu(B(a,r))%(a,r), a€X, r>0, (5

then the mecessary and sufficient condition for the boundedness of K, from
L2 (1) to LY\(v,p) is

v(B) < Cu(B) forall Be B(X)
for some constant C' > 0.

Remark. Theorem B can be considered as a generalization of [3, The-
orem 3.1] in the special case when p is a metric, 1/p —1/q¢ = a, ¢(B) =
w(B)YP1=0/P 4p(B) = p(B)P2=D/4 where 0 < Ay < 1 — ap, Xa/q = A\1/p.

Proof. Sufficiency. Let f € L (u). Fix a ball B = B(a,r) in X. Denote by
B the double of B; B = B(a,2r). We decompose

f=f+fo=Ffxg+ fxze (6)

From the definition of the Morrey norm |[|- : L (u)||, we have fi € LP(p).
More quantitatively, we have

[f1: LP(w)|| < w(B) P (a, )| f : LE(w)]| < o (7)

If we invoke Theorem A,

1/q
(i [1et@l" o) < ey s 0] <
B

< u(BY YUK 1o () naon | F1 2 LP () |-

By using (7), we obtain

(,413) B/ !Kaf1($)|qd1/(w)>1/q <

< | Kallzr o—ra@ym(B)/P94(B) || £+ L (1)])-
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Finally, by virtue of (4), it follows that
1 q 1/q »
Ty < P(pu)—L(v
(s [ ot ) ™ < OOyt 1 200

Thus, the estimate of K, f1 is valid, and now we have

¢<13>(,L<13> Z \Kaf1($)|qdl/(w))l/q <

< ClKallLrgy—row) |[f : L) (8)

Now we estimate K, fo. We proceed as in [6]. For each t € B = B(a,r),
we have uniform over ¢ estimate

Kofo()] <3 / = 1/ (y)')))la du(y).

F=1okr<p(t,y)<2btir

On each integral domain 2¥r < p(t,y) < 2¥+1r of ¢, we find
Ko fo(t)] < || : LB (w)]] Zﬂ (t,257) (B (a, 281 )) p(a, 28 ).
By the doubling property of i, we have

0] < €I+ £300] 3 (8120244

dt
Taking now into account that / 5= log2 (b > 0) and (5), we have
b

o 90, 5)

S

ds <

[Kato®)] < €1 5| [ n(Blas)

< C||f = L (w)||n(B(a,))*é(a, ).

So, for every ball B, by virtue of the assumption 1/¢ = 1/p — «, we derive

1 q 1/q
<u<B>/ [ Ko f2()] CW)) < ||+ L5 )| u(B)o(B) <
B

< O|f - Lg(w)||[v(B)
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Consequently, we obtain

@(@Z‘Kafg(xﬂqdu(x))l/q <

< CHK(X||LP(H)~>L‘I(V) Hf : LZ(/’[’)H (9)

If we put (8) and (9) together, we will have
5 G [ 16 f(w)|qu(fc)>1/q < ClIKal I = 2500
EEAVIGN S = Cllallrgo—ra) |1+ L))

Thus, it follows that K, is bounded from L% (x) to L, (v, ).
Necessity. Assume instead that K, is bounded from L% () to L (v, ).
Our current testing condition is

HKQXBOHLZIP =< ||K°‘HL$(M)—>L9,(V7M)HXBOHL{;(M)' (10)

(vp)
From the definition of the integral operator K, we have

Koxpo () = / (B, p(z,9))) """ duly) > / H(B(z, o)) dpu(y) =

B[) BO
= N(Bo)a’

for all z € By := B(ag,r0). Consequently, by the definition of the Morrey
norm || : L (v, p)|| and (10), we find that

1 q 1/q
By)* < | —— | |K. d <
‘LL( 0) = (V(Bo) /| XBO(I')| l/(m)) >~
By
< w(Bo) ™M u(Bo) || Kax, : LY (v, 1)||1(Bo) <
< ||Ka||Lg(p)—wi(V,M)V(Bo)fl/qu(Bo)l/qHXBO L L8 ()| ¢ (Bo).
If we use Proposition A, then we have
w(Bo)* < CHKOé”LZ(M—»pr(u,u)V(BO)_l/q:u’(BO)l/qQS(BO)_l'dJ(BO)'
Arranging this inequality and (4), we obtain
v(Bo) < (ClEallLr (uy— 1 w,m)1(Bo),

which completes the proof of the sufficiency. O
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3. FRACTIONAL MAXIMAL FUNCTION ON HOMOGENEOUS SPACES
We now consider the following (centered) fractional maximal operator

1
ade) = 88 s / Vi) o<a<t

For any positive measurable function f : X — [0, 00], we have a pointwise
estimate

for some constant, independent of f.
Our aim here is to prove the following result.

Theorem C. Letl < p < ¢ < o0 and o € (0,1/p). Assume that
1/p—1/q=«, (4) and (5) hold and that ¢ fulfills (¢p1) and (¢2p). Then the
necessary and sufficient condition for the boundedness of M,, from LZ(M) to
L, (v, ) is that there exists C > 0 such that

v(B) < Cu(B) for all B € B(X). (12)
Proof. Necessity. Suppose z € By := B(ag,70), and M, is bounded from

LY (w) to Lj,(v, ). Directly from the definition of the fractional maximal
operator, we have

#(Bo)* < Maxs, (2)-
Also, by the definition of the Morrey norm [|- : L (v, p1)||, we have

w(Bo)™ < (V(lBO)/|MaXBO(sU)|qu(x)>1/q <
Bo

< w(Bo) Y 1y(Bo) || Mx, : L (v, 1) | Bo)-
If we use the boundedness of M, then we will have
1(Bo)™ < 1Mall e ()1 vy ¥ (Bo) ™ 11(Bo) || xmy = L (1)][4(Bo)-
By invoking now Proposition A, we deduce
1(Bo)® < C|IMa | L2 (1) L5 (.7 (Bo) ™ 1pu(Bo)4(Bo) ™ 4(Bo)-
Hence, by (5) we have
V(B9 < Ol Mall s () 1 vy (B) P~

Sufficiency. This is an immediate consequence of Theorem B and (11).
Indeed, assuming (12), we have K, is bounded from L% (u) to L (v, 1), by
virtue of Theorem B.
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Indeed, using (11) and the boundedness of K, from L () to Lj (v, u) in
this order, we have

||Mo<f||pr(y,u) < || Kallf1] ||Lf/)(y7ﬂ) < CHfHLg(uy O

4. NONHOMOGENEOUS MORREY SPACES

Let now X := (X, p, u) be a nonhomogeneous measure metric space. We
consider the following fractional integral operator

Qﬂw:/}@wwwwﬂww>uexx
X

where 0 < o < 1. Here and below to denote a point in X, we use t, while ¢
denotes as usual a positive real number.

In this space, we define the (nonhomogeneous) Morrey space M, g(u; s) as
follows;

1 /1 r
feMi(ps) & ||f: My(ps )| = SgpM(WB/If(y)I” du(y)) < 0.

We assume that ¢ : (0,00) — (0,00) is a decreasing positive function.
The following is proved by Kokilashvili and Meskhi [9]. By Garcia-Cuerva
and Gatto [2] the case where X = R? and s = 1 was studied.
Theorem D. Assume
_ pg(1—0a)
pPg+p—q
Let (X, p, 1) be a nonhomogeneous space. Then I, is bounded from LP(X)
to LX), if and only if v satisfies the growth condition
w(B(t,r)) < Cr,
for all B= B(t,r) € B(X).

l<p<g<oo, O<a<l, s (13)

Motivated by the above result, we prove the following

Theorem E. Suppose that 1 <p < g < oo and 0 < a < 1/p. Assume

1
s — M_ (14)
pq+p—q
Assume that there exists a constant C > 0 such that
[ereowe < orer o, (15)

for every r > 0. Assume, in addition, that v : (0,00) — (0,00) satisfies
C™hp(r) <rot7lg(r) < Cy(r)  (r>0) (16)
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for some positive constant C. Then the sufficient condition for the bound-
edness of Io, from M (ji;s) to M (u;s) is that there exists C > 0 such that
the growth condition
u(B(t,r)) < Cre
holds for all B = B(t,r) € B(X).
Note that this generalizes [6, Theorem 3.4].

Proof. Sufficiency. Let B = B(t,r) € B(X) be fixed and denote by B its
double; B = B(t,2r). For every f € M} (u), write

f=h+f=[fxs+ [xze: (17)

The treatment of f; is simple. Note that f; € L?(u). More quantitatively,
we have

[ 12 LP ()| < @(r)r*/?|| f = ME (15 8)]|| < oo.
Consequently, if we invoke Theorem D, then we will have

1/q
1 L/
(2 1@ ) <l )20 50 5] =
B

= [allequy— Lo @()r**H[ f = M (s ).

Consequently from (16), we obtain
1 1 1/q
M(W/Uafl(xﬂq du(%)) <CMallze(y—ragllf = My (p;s)|l. (18)
B

Let us now deal with f5. To this end we fix a point x € B. Then we have

Iafg(x)|</ﬁ%du(y)<2l-akzﬂw / ()] du(y)-
B¢ - p(z,y)<2k+ip

In view of the definition of the Morrey norm, we have

(o]

Lo fo(@)| < C||f+ ML (s )| D_(2Fr)* = Hog(2"7).
k=0
If we pass to a continuous variable ¢ from the discrete variable k, then we

will have
ok+1,

Tafae)| < Ol 2G| S [ 1 2ot i =
k=0

= CHf : qu(u; S)H /to‘+3_2q§(t) dt < Crots=te(r).
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Here for the last inequality we have used (15). If we apply this pointwise
estimate and (16), then we obtain

1/q
(& [ M@ dut)) < G+ 0zl -

B
= CY(r)||f : M5 (s 5)|].
Consequently,
(L [ pra)  <clr o) a9
() rsB al2 H = s M\ S|
Thus, from (18) and (19)we obtain the boundedness of . O

Remark. If a + s < 1, then the condition

o0

/ toTS2p(t) dt < CroTto(r)

T

follows automatically from the fact that ¢ is almost decreasing. Indeed,

oo

/ta+s—2¢(t) dt < C/to‘+3_2¢(r) dt = Crote=lo(r).

r

ACKNOWLEDGEMENT

The second author was supported financially by Grant-in-Aid for Young
Scientists (B) No. 21740104, Japan Society for the Promotion of Science.
The authors are very grateful to the anonymous referee for his careful read-
ing of the paper.

REFERENCES

1. D. Adams, A note on Riesz potentials. Duke Math. J. 42 (1975), No. 4, 765-778.

2. J. Garcia-Cuerva and E. Gatto, Boundedness properties of fractional integral opera-
tors associated to non-doubling measures. Studia Math. 162 (2004), No. 3, 245-261.

3. D. E. Edmunds, V. Kokilashvili and A. Meskhi, Bounded and compact integral op-
erators. Mathematics and its Applications, 543. Kluwer Academic Publishers, Dor-
drecht, 2002.

4. Eridani and H. Gunawan, Fractional integrals and generalized Olsen inequalities.
Kyungpook Math. J. 49 (2009), 31-39.

5. Eridani, H. Gunawan and E. Nakai, On generalized fractional integral operators. Sci.
Math. Jpn. 60 (2004), No. 2, 539-550.

6. Eridani, V. Kokilashvili and A. Meskhi, Morrey spaces and fractional integral oper-
ators. Expo. Math. 27 (2009), No. 3, 227-239.

7. H. Gunawan, Y. Sawano and I. Sihwaningrum, Fractional integral operators in non-
homogeneous spaces. Bull. Aust. Math. Soc. 80 (2009), No. 2, 324-334.



24

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

ERIDANI AND Y. SAWANO

V. Kokilashvili, Weighted estimates for classical integral operators. In: Proceedings
of the International Spring School ”Nonlinear Analysis, Function Spaces and Appli-
cations IV”, Roudnice nad Labem (Czech Republic), May 21-25, 1990, M. Krbec et
al. (eds.) Teubner-Texte zur Mathematik, Teubner, Leipzig 1990, 86—103.

. V. Kokilashvili and A. Meskhi, Fractional integrals on measure spaces. Fract. Calc.

Appl. Anal. (4) (2001), No. 1, 1-24.

E. Nakai, Hardy-Littlewood maximal operator, singular integral operators and the
Riesz potentials on generalized Morrey spaces. Math. Nachr. 166 (1994), 95-103.
F. Nazarov, S. Treil and A. Volberg, Weak type estimates and Cotlar inequalities
for Calderén-Zygmund operators on nonhomogeneous spaces. Internat. Math. Res.
Notices (1998), No. 9, 463-487.

J. Peetre, On the theory of £P** spaces. J. Functional Analysis 4 (1969), 71-87.

Y. Sawano, [9-valued extension of the fractional maximal operators for non-doubling
measures via potential operators. Int. J. Pure Appl. Math. 26 (2006), No. 4, 505-523.
Y. Sawano, T. Sobukawa and H. Tanaka, Limiting case of the boundedness of frac-
tional integral operators on nonhomogeneous space. J. Inequal. Appl. 2006, Article
ID 92470.

Y. Sawano, H. Tanaka and S. Sugano, A note on generalized fractional integral
operators on generalized Morrey spaces. Bound. Value Probl. 2009, Article ID 835865.
Y. Sawano and H. Wadade, On the Gagliardo-Nirenberg type inequality, in the criti-
cal Sobolev-Morrey space. Journal of Fourier Analisis and Applications (to appear).
S. Sugano, Some inequalities for generalized fractional integral operators on general-
ized Morrey spaces, Math. Ineq. Appl. 44 (2011), No. 4, 849-865.

X. Tolsa, Littlewood-Paley theory and the T'(1) theorem with non-doubling measures.
Adv. Math. 164 (2001), No. 1, 57-116.

X. Tolsa, BMO, H!, and Calderén-Zygmund operators for non-doubling measures.
Math. Ann. 319 (2001), No. 1, 89-149.

(Received 05.11.2011; Revised 21.01.2012)

Authors’ addresses:

Eridani

Department of Mathematics, Campus C

Airlangga University, Surabaya 60115

Indonesia

E-mail: pakblangkon@yahoo.com, eri.campanato@gmail.com

Yoshihiro Sawano

Department of Mathematics, Kyoto University
Kyoto, 606-8502

Japan

E-mail: yoshihiro-sawano@celery.ocn.ne.jp



